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Surface roughening with quenched disorder in high dimensions:
Exact results for the Cayley tree
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Discrete models describing pinning of a growing self-affine interface due to geometrical hindrances
can be mapped to the diode-resistor percolation problem in all dimensions. We present the solution
of this percolation problem on the Cayley tree. We find that the order parameter P, varies near
the critical point p. as exp(—A/+/Pc — p), where p is the fraction of bonds occupied by diodes. This
result suggests that the critical exponent 8, of P diverges for d — oo, and that there is no finite
upper critical dimension. The exponent v characterizing the parallel correlation length changes
its value from v = % below p. to v = % above p.. Other critical exponents of the diode-resistor
problem on the Cayley tree are v = 0 and v, = 0, suggesting that v, /vy — 0 when d — oco.
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Simulation results in finite dimensions 2 < d < 5 are also presented.
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I. INTRODUCTION

Kinetic roughening during growth of interfaces has
attracted considerable recent interest [1]. Omne of the
most challenging problems in this context is the role of
quenched disorder. Several experiments have been car-
ried out [2—4], and the roughness was found to be anoma-
lous in the sense that the measured roughness exponent o
differed from that predicted by the Kardar-Parisi-Zhang
(KPZ) equation [5]. Several theoretical attempts have
been undertaken to explain this discrepancy based ei-
ther on continuum equations of surface growth including
quenched randomness [6] or on a simple geometrical pic-
ture where pinning is attributed to percolative blockades
[3,4,7). The relation between these two approaches was
discussed by Amaral et al. [8].

For simplicity, we first discuss the case of 1+1 dimen-
sions. The initially flat fluid surface is hindered in its
motion by randomly distributed quenched obstacles. In
order to maintain the experimentally observed absence
of overhangs in the model, the fluid is supposed to flow
back very fast if it manages to overcome an obstacle.
Therefore the motion of the interface is stopped only if a
(directed) percolation path of obstacles spans the sample.
The roughness exponent « of the resulting pinned inter-
face can be calculated by using the well known numerical
values of the directed percolation correlation length expo-
nents and the resulting value of the roughness exponent is
in good agreement with experimental observations [2-4].

Recently it was shown [4] that a three-dimensional gen-
eralization of the model is able to describe experimental
results in 2+1 dimensions as well. This result, together
with theoretical interest about the high-dimensional be-
havior of kinetic roughening, motivate the present inves-
tigation [6]. First we show that the (d + 1)-dimensional
generalization of the model of pinning by geometric
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blockades becomes a percolation model of d-dimensional
hypersurfaces with no overhangs. This model is dual to
the random network of resistors and diodes [9]. After
showing this duality, we give the solution of the diode-
resistor percolation (DRP) problem on the Cayley tree
[10], which is expected to exhibit the infinite-dimensional
behavior.

II. DIODE-RESISTOR PERCOLATION MODEL

Let us first recall the directed percolation depinning
(DPD) model in its simplest form in 141 dimensions.
We start from the single step model [11], where growth
proceeds on a square lattice tilted by 45° and fluid pen-
etrates from the bottom to the top (Fig. 1). The surface
height h is a single-valued function of the coordinate x
and it is initially flat. The surface width

w = /(B2 — (R)? (1a)

grows in time, where here the angular brackets denote
an average over space and/or realizations of quenched
noise. The fluid occupies the cells and spreads by break-
ing through the walls separating the cells.

In the present model (which differs from the original
definition of the single step model [11]), all cells at the
interface between occupied and unoccupied regions are
simultaneously updated. Without disorder, our model is
a trivial system where the interface moves with a con-
stant velocity and remains parallel to its initial position.
The disorder is introduced on the walls of the cells in
the following way: all walls are permeable from above
but there is a certain fraction of walls chosen at random
with probability p that are blocking flow from below (see
Fig. 1). Due to this randomness the interface roughens
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FIG. 1. Diode-resistor network as a model of fluid propa-
gation. Solid lines represent blocking obstacles that stop fluid
from below. Dotted lines are cell walls permeable from be-
low. Squares with numbers inside represent wet cells together
with the time step they become wet. Initially only one cell,
marked by “1,” was wet. Note that solid lines do not stop
the fluid propagation from above in the direction pointed by
diodes. The wetting process is stopped by a spanning path of
directed percolation that starts at the bottom left and ends
at the bottom right corner of the lattice. In a multidimen-
sional space this path becomes a spanning directed surface
that consists of blocking facets, perpendicular to the diodes.

while propagating upwards. In the stationary regime, the
surface can be characterized by a roughness exponent a:

w ~ L, (1b)

where L is the system size.

At sufficiently high density of obstacles the surface be-
comes completely pinned. Denoting the blocking walls
by directed bonds (say, from left to right), the motion of
the fluid is stopped whenever a spanning directed (bond)
percolation path across the sample occurs. The direct-
edness of the pinning path is a consequence of the sup-
pression of overhangs achieved in the model. We always
allow penetration of the fluid from above, even if there
is an obstacle hindering the flow upward. This model of
pinning represents a class of models of growth in disor-
dered media, all belonging to the same universality class
[3,7]. In the above version the parameter p controls the
model and critical behavior is obtained at a special value
of p = p.. Versions of the model where the criticality
is built up in a self-organized way have been constructed
by applying ideas of invasion directed percolation [3,7] or
gradient percolation [8].

The generalization of the model to d + 1 dimensions
is straightforward. At ¢ = 0 the d-dimensional interface
is flat and coincides with the “horizon” hyperplane x; +
Ty + -+ + x4 = 0. The fluid now occupies the cells of
a hypercubic lattice and flows through the facets of the
cells, which are permeable from above but blocked from
below with probability p. The object blocking the motion
of the interface is now a single-valued simply connected d-
dimensional surface consisting of the blocked facets and
does not have overhangs with respect to the direction
of growth given by the vector (1,1,...,1). We call this
surface a directed percolating surface.

Let us define the dual lattice in the usual way. The
centers of the cells are connected by bonds normal to the
facets. The structure created this way is again a hyper-

cubic lattice. The dual problem of the directed surface
percolation model is defined by the following rule: A dual
bond is occupied by a diode pointing downward if the facet
is blocked and it is occupied by a resistor if the facet is
permeable in both directions. As long as there is a simply
connected directed hypersurface in the directed problem,
percolation upward—above this hypersurface—is impos-
sible on the dual lattice. Equivalently, if percolation up-
ward is possible, there must be holes on any directed
spanning surface. Thus the model of diode-resistor per-
colation [12] is dual to the model of the surface pinned
by geometrical hindrances, and the motion of the fluid
can be thought of as taking place on the dual lattice.

From the theoretical point of view, it is important to
study the dependence of the exponents on the dimension-
ality and to find the upper critical dimension above which
the behavior becomes trivial (mean-field-like). Several
controversial suggestions have been put forward to an-
swer these questions for the problem of interface pinning
by quenched disorder [6]. From the discussion above it
follows that this problem is equivalent to DRP. Therefore
it would be of interest to see how the exponents of DRP
behave as a function of the dimensionality.

The equivalence between the directed percolation and
the DRP was first established by Dhar et al. [9] in 1+1 di-
mensions. In d+ 1 dimension, the directed surface can be
considered a d-dimensional generalization of the path of
directed percolation. The equivalence between directed
surface percolation and DRP can also be considered as
the directed analog of the duality between conventional
bond percolation and percolation of simply connected hy-
persurfaces [13]. In the latter problem, the correlation
length characterizing the clusters of isotropic percolation
is the same as correlation length characterizing their sur-
faces, both diverging at the same critical threshold. We
develop this analogy in the directed case.

To proceed we first define the clusters of the DRP. This
is nontrivial since—as one can always move downward
in this system—the number of sites that can be reached
from a chosen site is always infinite. Thus a cluster at any
given site cannot be identified with the set of sites made
wet by a fluid pumped at that site. Instead, we define
the cluster with respect to a site (the origin) as the set of
points which can be reached from it without using bonds
below the horizon, the hyperplane z; + 2 +---+ x4 = 0.
As long as p > p. the clusters defined this way remain
finite. They are hill shaped and they have a characteristic
height £, and a characteristic width . Such a hill will
just fit into a “cupola” of the percolating hypersurface.
Therefore the characteristic lengths of the hypersurface
should be equal to those of the DRP clusters:

€L~ |p—pc|™, (2)

&~ Ip—pe| 7M. (3)

These equations lead to the following expression for the
roughness of the pinned interface:

a——-I/L/V“. (4)













































