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Generalized Lévy-walk model for DNA nucleotide sequences
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We propose a generalized Lévy walk to model fractal landscapes observed in noncoding DNA
sequences. We find that this model provides a very close approximation to the empirical data and
explains a number of statistical properties of genomic DNA sequences such as the distribution of
strand-biased regions (those with an excess of one type of nucleotide) as well as local changes in the
slope of the correlation exponent o. The generalized Lévy-walk model simultaneously accounts for
the long-range correlations in noncoding DNA sequences and for the apparently paradoxical finding
of long subregions of biased random walks (length ;) within these correlated sequences. In the
generalized Lévy-walk model, the /; are chosen from a power-law distribution P(l;) I;%. The
correlation exponent « is related to u through @ = 2 — /2 if 2 < u < 3. The model is consistent
with the finding of “repetitive elements” of variable length interspersed within noncoding DNA.

PACS number(s): 87.10.+e¢

I. INTRODUCTION

Recently there has been considerable interest in the
finding of long-range (power-law) correlations in certain
genomic DNA sequences [1-4]. While several tentative
explanations have been proposed regarding the origin,
function, or biological significance of this observation [5,
6], this question can be regarded as open. In this pa-
per, we offer a straightforward mechanism for generating
such long-range correlations in DNA sequences based on
a generalization of a Lévy walk. In Sec. II, we discuss the
motivation for a model describing DNA sequences and
in Sec. III, we define this generalized Lévy-walk model.
In Sec. IV we qualitatively compare the DNA landscape
for noncoding sequences with the landscape of the gen-
eralized Lévy walk, and then quantitatively analyze the
fluctuations in these landscapes by estimating the corre-
lation exponent . We also consider the distribution of
regions of distinct “strand bias” in DNA, and compare
this to the predictions of the generalized Lévy walk. Fi-
nally, in Sec. V we summarize our results and discuss the
possible biological implications of this type of analysis.
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Some of the technical details are presented in the Ap-
pendixes, including the treatment of an alternative model
which contains a single characteristic length scale (“cor-
relation length”). We show that this type of model can-
not adequately describe the observed long-range correla-
tion properties.

II. MOTIVATION

The method of DNA walks, introduced by Peng et al.
[1], allows graphical representation of the fluctuations of
the nucleotide content [see Fig. 1(a)]. A “DNA walk”
is initiated from the first nucleotide of the sequence and
continued to the last nucleotide. For each pyrimidine at
position i, the walker takes a step up [u(i) = +1], and
for each purine, a step down [u(i) = —1]. This procedure
generates an irregular graph resembling a fractal land-
scape [Fig. 1(a)]. The defining feature of such a land-
scape is the statistical self-similarity (self-affinity) of the
plots obtained at various magnifications.

We analyze fluctuations of the actual data as described
in Ref. [1]. Specifically, we focus on the standard devia-
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tion in the nucleotide content:
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where L is the number of the nucleotides in the entire
sequence and
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is the average value of Ay(lo,!) over entire sequence.
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Ay(lo, 1) = y(lo +1) — y(lo), (2.3)
and
!
y(1) =D u(i), (2.4)

=1

where u(i) = 1 for pyrimidines [cytosine (C) or thymine
(T)], and u(3) = —1 for purines [adenine (A) or guanine
(G)]. It was found [1] that the fluctuations can be ap-
proximated by

Here Ay(lp,!) is defined by F(,L) ~ 1%, (2.5)
1200(a)
800
4004
o-
w ~400+
S
>\ -800-
‘g 12001
g 0 10000 20000 30000 40000 50000 60000 70000
3
200
S, 1e0](®)
2 1204
© sod FIG.1. DNA-walk displacement y(l) (ex-
40+ WM cess of purines over pyrimidines) vs nu-
_42: cleotide distance ! for (a) HUMHBB (human
60 beta-globin chromosomal region of the total
120 length L = 73239); (b) the LINE-1c region
160 of HUMHBB starting from 23137 to 29515;
. . . . . . (c) the generalized Lévy-walk model of length
23000 24000 25000 26000 27000 28000 29000 73326 with pu = 2.45, l. = 10, oo = 0.6, and
nucleotide distance 1 € = 0.2 (see Appendix B); and (d) a segment
of a Lévy walk of exactly the same length
as the LINE-1c sequence from step 67048 to
12004 (C) the end of the sequence. This subsegment
8004 is a Markovian random walk. Note that in
all cases the overall bias was subtracted from
400+ the graph such that the beginning and ending
oA points have the same vertical displacement
~ - 4004 (y = 0). This was done to make the graphs
s clearer and does not affect the quantitative
>N 800+ analysis of the data.
‘S -12001
Qé 0 10000 20000 30000 40000 50000 60000 70000
3
200
% 160 (d)
2 1204
T 8o+
40
0 .
_40 ] W
_ao -
-120 4
-160 -
67000 68000 69000 70000 71000 72000 73000

nucleotide distance £



4516

where « is the correlation exponent. For a close to 0.5,
there is no correlation or only short-range correlation in
the sequence. If « is significantly deviated from 0.5, it
indicates long-range correlation [7].

The DNA-walk analysis demonstrates a striking dif-
ference between coding and noncoding sequences: the
coding sequences usually consist of few lengthy alter-
nating regions of different nucleotide content (“strand
bias”), corresponding to up-hill and down-hill regions of
the DNA walk, while noncoding sequences consist of very
many such regions of a wide range of length scales (see
Fig. 1 of Ref. [1]). The coding sequences can, therefore,
be easily divided into few subsequences (by eye or by
simple computer routine [1]) of different nucleotide con-
centration. The average value of « for those subsequences
is close to 0.5 which indicates the absence of long-range
correlations within such subsequences. By contrast, non-
coding sequences cannot be divided into a small number
of such regions and their correlation exponents are sig-
nificantly greater than 0.5.

Although the correlation is long range in the noncod-
ing sequences, there seems to be a paradox: long uncor-
related regions of up to thousands of base pairs can be
found in such sequences as well. For example, consider
the human beta-globin intergenomic sequence of length
L = 73326 (GenBank name: HUMHBB). This long non-
coding sequence has 50% purines (no overall strand bias)
and a = 0.7 [see Fig. 1(a)]. However, from nucleotide No.
67089 to 73 228, there occurs the LINE-1 region (defined
in Ref. [8]). In this region of length 6139 base pairs, there
is a strong strand bias with 59% purines. In this non-
coding subregion, we find power-law scaling of F, with
F ~ |*, with @ = 0.55, quite close to that of a random
walk [7].

Even more striking is another region of 6378 base pairs,
from nucleotide No. 23137 to 29515, which has 59%
pyrimidines and is uncorrelated, with remarkably good
power-law scaling and correlation exponent o = 0.49
[Fig. 1(b)]. This region actually consists of three sub-
sequences, complementary to shorter parts of the LINE-1
sequence.

These features motivate us to apply a generalized
Lévy-walk model [see Figs. 1(c), 1(d), and 2] for the
noncoding regions of DNA sequences. We will show in
the next section how this model can explain the long-
range correlation properties, since there is no character-
istic scale “built into” this generalized Lévy walk. In
addition, the model simultaneously accounts for the ob-
served large subregions of noncorrelated sequences within
these noncoding DNA chains.

III. LEVY-WALK MODEL AND ITS
GENERALIZATION

The classic Lévy-walk model describes a wide variety
of diverse phenomena that exhibit long-range correlations
[9-15]. The model is defined schematically in Fig. 2(a): A
random walker takes not one but I; steps in a given direc-
tion. Then the walker takes Iy steps in a new randomly-
chosen direction, and so forth. The lengths I; of each
string are chosen from a probability distribution, with
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P(l;) o< (1/45)", (3.1)
where SN | I; = L, N is the number of substrings and
L is the total number of steps that the random walker
takes.

We consider a generalization of the Lévy walk [14] to
interpret recent findings of long-range correlation in non-
coding DNA sequences described above. Instead of tak-
ing l; steps in the same direction as occurs in a classic
Lévy walk, the walker takes each of I; steps in random
directions, with a fixed bias probability

e =(1+6)/2 (3.20)
to go up and
p-=(1-¢)/2 (3.2D)

to go down, where €; gets the values +¢€ or —e randomly.
Here 0 < € < 1 is a bias parameter (the case € = 1 reduces
to the Lévy walk). Figure 2(b) shows such a generalized
Lévy walk for the same choice of I; as in Fig. 2(a).

As shown in Appendix A, the generalized Lévy walk—
like the pure Lévy walk—gives rise to a landscape with a
fluctuation exponent o that depends upon the Lévy walk
parameter y [10, 14],
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FIG. 2. Displacement y(I) vs number of steps for (a) the

classical Lévy-walk model consisting of six strings of I; steps,
each taken in alternating directions; (b) the generalized Lévy-
walk model consisting of six biased random walks of the same
length with a probability of p; that it will go up equal to
(1£€)/2 (e = 0.2); and (c) the unbiased uncorrelated random
walk. Note that the vertical scale in (b) and (c) is twice that
in (a).






























