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We addresstheproblemof diffusion andreactionin porouscatalystssubjectedto percolationdisorder.The
resultswith an idealizedpore network indicate that the fractal characteristicsof the void spacecan havea
remarkablein¯uence on the transportandreactivepropertiesof the system.Within a speci®crangeof length
scales,we observescaling behavior relating the catalytic effectivenessof the network and the diffusion-
reactionratio JÅN} (D/K)1/dR. In addition, the exponentdR is consistentlyin the rangedw, dR, dw8, where
dw is the two-dimensionalrandomwalk exponenton the incipient in®niteclusteranddw8 is the corresponding
diffusion exponentwhich includesall clustersof thesystemat thepercolationthreshold.Moreover,in contrast
with diffusion under``inert'' conditions,wherethe ``dangling'' bondsin the percolatingclusterdo not play
anyrole in transport,theseelementsbecomeactivezonesdueto thereactionmechanism.We alsooutlinesome
speci®cguidelinesto demonstratethe relevanceof theseresultsin the contextof designandcharacterization
problemsin heterogeneouscatalysis.@S1063-651X~97!10801-7#

PACSnumber~s!: 47.55,Mh,05.40.1 j

I. INTRODUCTION

The developmentof modelingtechniquesfor the descrip-
tion of transport phenomenathrough the interstitial void
spaceof disorderedporous catalystsrepresentsa genuine
challenge,due to inherentlimitations of traditional models
which cannotexplicitly accountfor topologicalandmorpho-
logical characteristicsof realporousmedia@1#. Theclassical
approachto modeldiffusion andreactionin porouscatalysts
is to considerthe catalystparticleasa homogeneoussystem
wherereagentsandproductscanfreely diffuse andreactac-
cording to a given effective transportcoef®cientand an in-
trinsic reaction mechanism.Under steady-stateconditions,
this situationcanbe mathematicallyformulatedas

Deff¹
2C1 R5 0, ~1!

whereC is the concentrationof the reactingspecieswithin
the catalyst,Deff its effective diffusivity, and R represents
the intrinsic kinetics,expressingthe local rateof creationor
annihilation per unit volume of the speciesone desiresto
tracein the system.

Recently,it becameclear that the classicaldiffusion for-
malism,which is valid for Euclideangeometries,cannotbe
usedto providea macroscopicdescriptionof transportphe-
nomenain manydisorderedmaterials.In the caseof porous
media,the breakdownof this conventionaltransporttheory
can be clearly understoodas a consequenceof the intrinsic
structuralheterogeneityof thecomplexvoid spacegeometry,
causingsigni®cantmodi®cationsin thediffusionalcharacter-
istics of the system.Generallyspeaking,the departurefrom
theclassicalbehaviorusuallyoccursin the form of a subdif-
fusiveregimewhich hasbeenextensivelyinvestigated@1±4#.
Themathematicalconceptof fractalsandtheuseof percola-
tion modelsasan idealizeddescriptionfor disorderedmedia
turnedout to be fundamentalingredientsto analyzeandpre-

dict theoreticalpropertiesof anomalouslydiffusive systems
of transport@3,5±10#. Thereare a numberof experimental
works showing strong evidencethat, within some limited
rangeof lengthscales,manyporouscatalystscanbeconsid-
eredasrealizationsof fractal morphologies@11#. Much less
effort hasbeendedicatedto the studyof diffusion andreac-
tion in fractal geometries,andits consequenceson the reac-
tive propertiesof porouscatalysts@12±16#. However, it is
not easyto transposeand systematicallyapply fractal con-
ceptsin order to solveproblemsin catalysis.

An importantissuein thedesignof mostcatalyticreactors
is the choiceof the size of the catalystpellet. Diffusion is
normally consideredto be a deleteriousmechanismbecause
it might restrict the transportof reagentinto the deepestre-
gions of the pellet, reducing the overall reactivity of the
availableactivesurfacearea.Underthesecircumstances,the
smallestpelletwould be thepreferredmaterial.On theother
hand,it is well known that small particlesproduce``tight''
packings,which require a large consumptionof energyto
pump the reacting speciesthrough the extraparticlevoid
spacein a ®xed bed reactor.Thus, there is an important
trade-off betweencatalystef®ciencyand energyconsump-
tion. Theproblemcouldbebetteranalyzedif we hada more
realistic model for the structureand phenomenologyof the
diffusion-reactionsystem,but few attemptshavebeenmade
to developa coherentframeworkwherethis problemcould
be properlyexamined.Sahimiappliedthe networkof pores
model to simulatethe effectivenessof an idealizedcatalyst
under different diffusion-reactionconditions @17#. The re-
sults with a disorderedand fully occupiedlattice show a
markedcontrastwhen comparedwith the classicaldescrip-
tion, but no referenceis maderelatingthestructuralfeatures
of the porespaceandits transportproperties.

Justabovethecritical point, the incipient in®nitepercola-
tion cluster is an exampleof a randomfractal that can be
usedas a conceptualmodel for real pore catalysts~Fig. 1!.
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Oneadvantageof usingthe percolatingstructureasa model
of porousmedia is the large amountof researchwork per-
formed to characterizesuchmorphology,anda comprehen-
sivesetof preciselycalculatedcritical exponentsis available
to describeits fractal features.Our main objectivehereis to
investigatethe effectsof structuralself-similarity upon the
catalytic effectivenessof percolating pore networks. We
showby computationalsimulationthat,within somerangeof
diffusion reactionconditions,the fractalaspectof theporous
structurecan strongly in¯uence the global effectivenessof
the reactingsystem.This might haveprofoundimplications
on thedesignstrategycurrentlyappliedfor theprojectof real
catalytic reactorsin importanttechnologicalprocesses.

II. MODEL

Basedon the generalframeworkof bondpercolationdis-
order,we developa practicalmodelto studythe in¯uenceof
the void spaceon the catalyticcharacteristicsof the system.
We representthe structureof the porouscatalystby a two-
dimensionalsquarenetwork of size L, where cylindrical
poresof constantlengthandradiusr areconnectedto sitesof
negligiblevolume.Eachcylinder is openwith a probability
p andblockedwith a probability 12 p.

We assumethat the inner surfaceof everyopenporehas
a homogeneousdistributionof activesites,at which a ®rst-
order reaction (A! B) can take place in the presenceof
reagentspeciesA. Also, if the reactantand product mol-
eculesareconsiderablysmallerthanthe capillary radiusr , a
continuum description for diffusion and reaction can be
adoptedat themesoscopicporelevel.Theconcentrationpro-
®le c(x) of the reactivetracerA diffusing inside a typical
openpore joining adjacentnodesi and j satis®esthe mass
conservationequation

D
d2c

dx2 5 Kc, ~2!

wherex is the axial coordinatein the pore,D the molecular
diffusion coef®cient,and K the intrinsic reactionrate con-
stant.The boundaryconditionsare

c~0!5 ci and c~l !5 c j . ~3!

The molar ¯ux of the tracerinto a pore is,

Ji j 52 p r 2DSdc

dxU
x5 0

D
i j

. ~4!

Fromthesolutionof Eqs.~2! and~3!, Ji j canbeexpressedas
a linear function of the two concentrationsat the connected
nodalpoints@17,18#

Ji j 5 p r 2~KD ! 1/2F ci

tanh~b l !
2

c j

sinh~b l !G, ~5!

whereb [ (K/D)1/2.
Consideringthe sitesto be perfectmixing pointswith no

reactionor traceraccumulation,we ®ndthe following iden-
tity for the massconservationat eachinternalsite:

(
j 5 1

d

Ji j 5 0, ~6!

wherethe sumrunsover the d nodesj 5 1, . . . ,d connected
to node i in the capillary maze.We also impose a ®xed
concentrationC0 at the entranceof the inlet pores,periodic
boundaryconditionsin the transversedirectionof the lattice
(y direction in Fig. 1! andgradientlessboundaryconditions
at theexit of theoutletpores.Hence,themassbalancefor all
internalnodescanbe expressedin matrix form as

FIG. 1. Typical realizationof a 2003 200per-
colatingsquarenetworkat thethresholdprobabil-
ity (p5 pc). The thick lines correspondto the
conducting backbone available for electrical
transportin thesystem.Periodicboundarycondi-
tions are imposedin the transversedirection (y
direction!.
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A• c5 b. ~7!

HereA is a matrix of conductancecoef®cients,c a vectorof
nodalconcentrations,andb an input vectorcorrespondingto
the network boundaryconditions.We useda standardsub-
routine for sparsematricesto solve the systemof linear al-
gebraicEq. ~7! for the nodalconcentrations.

III. RESULTS

Beforerelatingany transportpropertyof the systemwith
its fractal characteristicsin a quantitativeway, it is instruc-
tive to visualize the effect of increasing the diffusion-
reactionratio a [ D/K(5 1/b 2) on the transportof reactant
inside a typical pore volume. Figures2~a!±2~d! havebeen
generatedfrom the solution of Eq. ~7! for a single random
realizationof thenetworkat p5 pc , plotting all bondsin the

FIG. 2. Mass ¯ux ®eldsin a typical realizationof a 2003 200 percolatingsquarenetwork subjectedto various diffusion-reaction
conditionsparametrizedby a [ D/K: ~a! a5 102, ~b! a5 104, ~c! a5 106, and~d! a5 108. The thicknessof the bondscorrespondsto the
magnitudeof the mass¯ux of reactantthroughthem.
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percolatingstructureandassigningtheir thicknessin accord
with themass̄ ux Ji j throughtherespectivecylindrical tube
in the capillary model.

At low values of a , the reactanteither diffuses very
slowly into thecatalystporespace,or it is rapidly consumed
by reactionat the activesurfaceareaof the capillaries.As a
consequence,the mass¯ux of the reactingtraceris entirely
con®nedto the entranceporesof the lattice @Fig. 2~a!#. As
we graduallyincreasea , the tracermoleculescanpenetrate
deeperinto the pore space@Figs. 2~b! and 2~c!#. In the ab-
senceof diffusional limitations to masstransfer,or at very
large valuesof a @Fig. 2~d!#, the localized¯ux throughall
accessibleporesin the lattice shouldbe the same,andequal
to a maximumvalue

Ji j
max5 p r 2lKC0 . ~8!

Under theseconditions,we can readily identify the regions
in the network wheretransportand reactionare allowed to
occur.

It is interestingto notethat,unlike theproblemof electri-
cal transportin percolatingresistornetworks,the ``dangling
zones'' @3#areanactivepartof theincipient``in®nite'' clus-
ter, i.e., the large clusterwhich ``spans'' from one side to
anotherin thex directionof the lattice.Apart from thespan-
ning cluster,the clustersin direct contactwith the inlet side
of the network are also accessibleto tracer diffusion and
reaction.

The active role played by the dangling zones under
diffusion-reactionconditionsprovidesa plausibleexplana-
tion for the following unsolvedquestionin the ®eldof het-
erogeneouscatalysis.There is a substantialamountof ex-
perimental research showing strong evidence that the
macroscopicmeasureof the diffusion coef®cientin some
catalystsunderinert conditionscanbe signi®cantlydifferent
from the ``reactive'' value of this transportparameter@19±
21#. From the simulationspresentedhere,we could simply
arguethat this discrepancyis dueto the dramaticchangein
theactivevolumewhenswitchingfrom reactiveto inert con-
ditions. Correspondingly,the diffusivity in the absenceof
reactionwould beequivalentto theconductivityin a resistor
network analog,where the danglingbondsbehaveas stag-
nantzoneswith no currentpassingthroughthem.This con-
trast can be easily seenin Fig. 3, where the active bonds
from one reactiverealizationof the systemwith no diffu-
sional limitation @large a , seeFig. 2~d!# havebeenplotted
togetherwith the``conductingbackbone''of thecorrespond-
ing percolatingresistornetwork.

The implicationsof thesefactson thescalingbehaviorof
thesystemcanbequantitativelyanalyzed.Fromthesolution
of Eq.~7! for differentvaluesof a , we cancalculatethetotal
molar ¯ux JN penetratinga given realizationof the network
porevolume.In orderto measurehow muchthereactionrate
is decreasedby diffusional resistances,it is practicalto de-
®nea quantity usually called the ``effectivenessfactor'' of
the porecatalyst@17#,

JÅN[
JN

JR
, ~9!

whereJR is themolar¯ux dueto reactionwithout diffusional
limitations. In particular,for a ®rst-orderreaction,

JR5 Nap r 2lKC0 , ~10!

whereNa is the total numberof accessibleporesin the net-
work.

We performedsimulationscomprising100realizationsof
2003 200networksat thepercolationthreshold,p5 pc . Fig-
ure 4 is a doublelogarithmic plot of the averageJÅN values
againstthe parameterratio a . At very low valuesof a , the
concentrationof reactantdropsrapidly, andapproacheszero
at the entrancepores of the structure.In this situation of

FIG. 3. Plot of the conductingbackbone~thick lines! and the
active bondsavailablefor diffusion and reaction~thin lines! in a
typical realizationof a percolatingnetwork.

FIG. 4. Double-log plot of JÅN as a function of the diffusion-
reactionratio a [ D/K. The error barsaresmallerin size than the
symbols.Straightlines showingthe expectedlimiting, andscaling
behaviors,arealsoplottedfor reference.
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strong pore resistance,we expect to recover the classical
behaviorfor diffusion andreactionin a singlepore@14#,

JÅN} a 1/2[ l , ~11!

wherewe interpretthe ratio a 1/2 asa penetrationlength,l .
At very largevaluesof a , diffusion offers negligible re-

sistanceto reaction,andthepenetratingmolar ¯ux shouldbe
constantandequalto a factor timesthe total accessiblevol-
umeof theporenetwork.This is thepoint wherethereactant
speciescanhavefreeaccessto theactivesurfaceof all pores
in the percolatingcluster,a situationwhich is equivalentto
statingthat the catalyticeffectivenessof the systemis maxi-
mum or equalto 1,

JÅN5 1. ~12!

At intermediatevaluesof a , however,a typical scaling
behaviorcanbe observed,which persistsfor morethanfour
ordersof magnitude.In this rangeof a values,the reactive
tracerexperiencesthe fractal structureof the availablepores
in the network. We would then expect the masstransport
throughthe porousmediato follow an anomalousdiffusion
behavior.The penetrationlength l in this regime should
scaleas

l} ~Dt ! 1/dR, ~13!

wheredR is thecritical exponentfor diffusion andreactionin
the percolatingstructure.In addition, if we makeuseof the
relationsJÅN}l andK} t2 1, the scalingansatzEq. ~13! can
alsobe expressedin a time independentway as

JÅN} a 1/dR, ~14!

which is moreappropriatefor the descriptionof our particu-
lar system.

Theaccessiblevolumefor diffusion andreactioninvolves
not only the incipient in®nite cluster but also the smaller
clustersattachedto theopensideof the lattice.Accordingly,
the critical exponentdR shouldbe takenas an intermediate
value betweenthe two-dimensionalrandomwalk exponent
on the incipient cluster (dw' 2.87) and the corresponding
diffusion exponentwhich includesall clustersof the system
at the percolationthreshold(dw8' 3.02) @2#. Indeed,this is
consistentwith the resultsshownin Fig. 4, wherethe loga-
rithmic variationof the normalized¯ux penetratingthe net-
work in the diffusion-reactionrangeof 1, a , 105 closely
follows a straightline with slopeg5 1/dw8. Theselimits for
a can be directly relatedto the particularminimum length
scaleand systemsize adoptedin this study. Therefore,the
smaller limit shouldcorrespondto the squareof the lower
cutoff sizeof thesystem(l 25 1), andthe largerlimit should
be comparableto the squareof the networksizeusedin the
simulations (L25 43 104). Both are in perfect agreement
with our simulations.

Finally, it is interestingto comparethe resultsshownin
Fig. 4 for percolatingpore networks at the critical point
(p5 pc) with the behavior of a fully occupied lattice
(p5 1). As shownin Fig. 5, this canbe doneif we plot the
normalized ¯ux for both systems against the rescaled
diffusion-reactionparameter,

f 5 aSNi

Nal D
2

, ~15!

whereNi is the numberof accessibleporesat the network
inlet. Expectedly,in the limiting situationsof strong ~low
f ) and negligible ~high f ) diffusional resistances,the two
systemsshould follow exactly the samebehaviorwhich is
independentof the structuralfeaturesof the network.How-
ever, in the limited rangeof f valueswherethe fractal ge-
ometryof thepercolatingstructurehasa markedin¯uenceon
its diffusive characteristics,a large discrepancycan be ob-
servedbetweenthe effectivenessof both idealizedcatalysts.

IV. DISCUSSION

We developeda model that is capableof describingdif-
fusive masstransportand chemicalreactionin percolating
porestructures.The resultsfrom steady-statesimulationsre-
veal the strongin¯uence of the porefractality on the global
effectivenessof the diffusion-reactionsystem.This repre-
sentsa clear indication that one must characterizethe pos-
sibleself-similarmorphologyof thecatalystporousmatrix in
orderto understandits behaviorunderreactiveconditions.In
this way, we believe that the modeling techniqueutilized
herecan provide someinterestingguidelinesfor the design
problem of a suitablecatalystporousstructurefor a given
reactivesystem.For example,our resultsclearly showthat,
in the scaling rangeof the diffusion-reactionparametera ,
the effectivenessof the porecatalystcanbe largely overes-
timated if the self-similar aspectof the void spaceis not
takeninto consideration.Another resultof potentialinterest
from our simulationsis the remarkabledifferencewe found
betweenthe effectivevolumesfor transportin the porenet-
work under inert and reactiveconditions.We believe that
this might be intimately relatedwith the divergenceprevi-

FIG. 5. Double-log plot of JÅN as a function of the rescaled
variablef . The solid line correspondsto the fully occupiedlattice
(p5 1), and the circles to the averagevaluesobtainedfrom simu-
lationswith percolatingnetworks(p5 pc).

776 55ANDRADE, STREET,SHIBUSA, HAVLIN, AND STANLEY



ously reportedin severalexperimentsto measureeffective
diffusion coef®cients.In conclusion,the presentmodeling
approachis ¯exible to representmorespeci®cmorphological
andtopologicalcharacteristicsof theporespaceandcanalso
be applied to other phenomenaoccurring with diffusion
througha porousmedium.
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