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We investigateuid ow throughdisorderedporousmediaby direct simulationof the Navier-Stokes
equationsn a two-dimensionapercolationstructure. We nd, in contrastto the log-normaldistribution
for the local currentsfound in the analog random resistor network, that over roughly 5 orders of
magnitudethe distribution nsEd of local kinetic energy E follows a power law, with nsEd~ E??
wherea - 0.906 0.03for the entire cluster,while a - 0.646 0.05for uid ow in the backbone
only. Thusthe\stagnant"zonesplay a signi cant role in transportthroughporousmedia,in contrast
to the danglingendsfor the analogouslectricalproblem. [S0031-9007(97)04671-1]

PACS numbers:47.55.Mh

Recently,a greatdeal of interesthasbeenfocusedon
theinvestigatiorof transporphenomenin disorderedys-
tems[1]. In particular, uid ow throughporousmedia
[2] hasattractedmuch attentiondue to its importancein
severaltechnologicalprocessege.qg., Itration, catalysis,
chromatographyspreadof hazardouswastes,petroleum
exploration,andrecovery,etc.). It is customaryto model
uid ow in porousmediaby electricaltransportjn partic-
ular, to relatetheexponent®f permeabilityandconductiv-
ity. In previousstudies,computationakimulationsbased
onviscousuid ow (Stoke's ow) [3] andlatticegastech-
niqueg4] havebeenusedto solvethe problemof transver-
sal ow throughrandomlygenerategporousmedia. Here
we study uid ow behaviorby direct simulationof the
Navier-Stokesquationsn a percolationporousstructure.

Our model for the pore connectivityis basedon two-
dimensionakitepercolation. Plaquette¢squareobstacles)
are randomly chosenand then removedfrom a 64 3
64 squarelattice until, for the rst time, a void space
pathway(the \sample-spanning'tluster)can be detected
connectingtwo oppositeedgesof the system[5]. At this
point, the systemachieveghe percolationthreshold. The
sample-spanningluster of sites connectingthe network
hasatypical fractalgeometrywith fractaldimensiond; @
1.896 [1]. In percolationterminology, the \conducting
backbone'is the connectedubsebf the sample-spanning
clustercomprisingbondelementswvhich cancarry current
or ow. The remainingbondsattachedto the sample-
spanningcluster are called \dangling ends" and do not
carry any electricalcurrent.

We usenonslipboundaryconditionsat the entire solid-
uid interface. At the inlet and for eachalive (uid)
cell of the lattice, we specify a constantin ow velocity
in the normal direction to the boundary. At the exit,
we assumethe velocity gradientto be zero; further, we
assumesteadystate ow in isothermalkonditions,andthat
the Navier-Stokesndcontinuity equationgor momentum
and massconservatiorhold [6]. The Reynoldsnumber
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Re; rdy,yym, characterizeghe relative contributions
from convectiveand viscousmechanism®f momentum
transferin uid ow, wherer is the density,d, is the
particle diameter,m is the kinematicviscosity,andy is
theaverageuid velocity.

For a given realizationof the pore spacewith a speci-
ed void fractione anda xed setof physicalproperties,
the Navier-Stokesequationsare solved for the velocity
andpressureelds in the uid phaseof the porespaceby
discretizationusing the control volume nite-difference
technique[7]. We implementgrid elementswith length
equalto one-quartenf the solid cell sizeto generatesat-
isfactory resultswhen comparedwith numericalmeshes
of small resolution. The integral form of the governing
equationsis consideredat eachquadrilateralelementof
the numericalgrid to rendera set of couplednonlinear
algebraicequationswhich are pseudolinearizednd se-
quentiallysolved[8]. Convergencés achievedwhenthe
overall sumof momentumand massresidualsfalls below
aspeci edvalue[9].

Initially, we study uid ow underconditionsof low
Reynoldsnumber(Re- 0.015§ to ensurethat the con-
tribution from inertial terms(convection)doesnot prevail
overtheviscousmechanisnof momentumtransfer. Fig-
ure 1(a) is a contourplot of the velocity magnitudefor a
typical realizationat the percolationthresholde - ec. In
Fig. 2(a), we showa close-upsectionwith a subsef the
velocity vector eld takenfrom the samerealizationof the
porespace. Thecomplexstructureof the poroussystemat
e createverytortuouspathwaysor uid ow. A natural
quantity to statisticallycharacterizehe uid ow associ-
atedwith eachindividual uid cell in the numericalgrid
enclosingthe physicalpore spaceis the cell's kinetic en-
ergye ~ Y21y §d whereyy andy, arethecomponents
of thevelocity vectorin the x andy directions.

Figure 3(a) showsthe distribution ns=d of the normal-
ized kinetic energyE ; eyemax for 4 network realiza-
tions, where emax denotesthe maximum kinetic energy
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FIG. 1(color). (a) Contourplot of the velocity magnitudefor a typical realizationof the in nite percolationcluster(e - e;) on a
64 3 64 squardattice underlow Re conditions(Re - 0.015§. (b) Contourplot of the local kinetic energyE for atypical realiza-
tion underthe sameconditionsasin part(a) (e - e.,Re- 0.0156. Thecolorsin thebaron theleft correspondo differentmagni-
tudesof E. Valuesof E . 10?2 areshownin red for bettervisualizationof the uid ow penetratiorinto the \stagnant"zones.

observedfor a given realization. We nd that over with a - 0.906 0.03 This power law behaviorcon-

roughly 5 ordersof magnitudg(10?8 , E, 10?%),nsEd trasts with the log-normal type of distribution found

follows for the local current in the random resistor network
nsEd~ E%® (1)  model[10].
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FIG. 2. (a) Subsetof the velocity vector eld takenfrom the
samerealizationas in Fig. 1(a). Each vector representshe
magnitudeand direction of the local velocity. Fluid is pushed
from bottomto top in the porenetwork. (b) Samesubsetasin
part(a), butnow for high Reconditions(Re - 156). Theeffect
of inertiaonthe uid ow is revealedby the presencef several
vorticesandzonesof \ ow separation."Notealsothatfor ow
at low Re [part (a)], the mainstreamuid pathwayfollows the
shortestpath through the backbone while at high Re it does
not. Instead,the mainstreamuid pathwayis dictatedby the
local void spacegeometry.

Theshapeof thedistributionnsEdindicateghatthelocal
kinetic energymight be sensitiveto theinternalaccessible
perimeterof the disorderedpore structure. This can be
visualizedfrom the contourplot shownin Fig. 1(b), where
alimited subrangen the scalingregionof variableE [see
Fig. 3(a)] is arbitrarily chosento be mappedinside the
in nite cluster. Accordingly,this speci ¢ rangeof kinetic
energy values correspondsto a thin uid layer which
movesrelatively slowly comparedo the mainstreamow,
and henceapproximatelyfollows the internal perimeter
of the in nite cluster. Indeed, by lowering this range
of E values (down to the lower limit of E g 1079),
we observethat uid layersof evenlower energiescan
penetrateinto the pore space,and thereforeexperience
more detailsof the landscapeat the solid- uid interface.
Insidethe \stagnant"zonesof thein nite cluster,viscous

FIG. 3. (a) Double logarithmic plots for eachof the four re-
alizationsof the distributionnsEd of the local kinetic energyE
underthe sameconditionsasFig. 1(a) & - e.,Re- 0.0156l
The solid lines are Ieast-s%uarests to the datain the scal-
ing region1®?®, E, 10°°(a - 0.876 0.02 0.896 0.03
0.926 0.03 and 0.906 0.02 for realizationsl, 2, 3, and 4,
respectively). Also shown is the averageover all four re-
alizations, with slopea - 0.906 0.03 Apart from the en-
ergy distribution of realizationl, all curveshave beenshifted
for better visualization. (b) Same as part (a) except for
the backbone. The averageover all four realizations has
slopea - 0.646 0.05 Also,a - 0.656 0.050.636 0.05
0.636 0.04 and0.656 0.04for realizationsl, 2, 3, and4, re-
spectively. The solid lines are least-squareds to the datain
the scalingregion1®®’, E, 10?3. (c) Sameaspart(a) ex-
ceptfor high ReynoldsnumbersRe- 156d The averageover
all four realizationshasslopea - 0.796 0.03 For realiza-
tions1, 2, 3, and 4, a - 0.766 0.03 0.796 0.03 0.786
0.02 and0.826 0.03 respectively. The solid lines are least-
squarests to the datain the scalingregion1?%, E, 10?2

momentumis transmittedaterally acrosssuccessivéam-
inaeof uid andinducesow in theform of vorticesthat
generatethervorticesof smallersizesandenergies.
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The upper cutoff value for the scaling region (E o
107 3) determinesheboundanyine in theincipientin nite
clusterthat separatesuid cells locatedin the \stagnant"
region of the pore space(low E values)from uid cells
in the main streamof uid (high E values). These
last elementsmove very fast through the inner part of
the \backbone," and constitutea layer of moving uid
whosemorphologyis not directly affectedby the internal
perimeterof the percolationgeometry. To test whether
the power law behavior (1) arisesfrom the transfer of
momentumfrom the backbonehroughthe stagnantzones
in the percolationcluster,we calculatednsEd separately
for thebackbondFig. 3(b)], andwe nd thata - 0.646
0.05 avaluequite differentthanfor thefull cluster.

We nd that the exponenta - 0.906 0.03 remains
practicallyconstanfor Re- 0.01560.156 and1.56 We
alsostudiedthe high Re case(Re- 156), usingthe par-
allel calculationsas for low Re. We nd that the data
[seeFig. 3(c)] are consistenwith the possibility that the
exponenta is differentfor high Re(a - 0.796 0.03.
However,the magnitudeof the difference,which is about
15%,is notsolarge. Furtherwork is still neededo clar-
ify this matter. At high valuesof Re, the nonlinearcon-
tribution from the convectivetermsin the Navier-Stokes
equationdecomeselevant. Theinertial effecton theve-
locity eld insidethein nite clusteris consistentith the
presencef severalorticesandzonesof \ ow separation”
[Fig. 2(b)]. At low valuesof Re[seeFig. 2(a)], thereis a
tendencyfor the moving uid at the local pore scaleof
the\ow backbone"to preservethe parabolic shapeof
the velocity pro les evenif the uid cells are con ned
to a very tortuous pathway. At high Re, on the other
hand, the irregular geometryof the internal perimeteris
very effectivein producingsuddenand dramaticchanges
in directionsand magnitudesf mainstreanvelocity vec-
tors,thusdistortingtheir parabolicpro le atthelocallevel
of the void space. Thesefactors contributeto enhance
the dissimilaritiesbetweerthe two scalingregimes.

Beforeconcluding,we discusgherelationbetweenour
resultsin uid ow throughporousmediaand previous
resultsfor the ow of electricity in a percolationcluster,
a systemcommonlyusedto model ow in porousmedia
[10]. Ourresultsindicatethattherandomresistometwork
model cannotbe directly appliedfor uid ow through
porous materials, primarily due to viscous and inertial
effects, which causethe log-normaldistribution to cross
overto the powerlaw distributionfoundhere. Moreover,
the exponenta that we nd is clearly sensitive to
the transportof momentuminto stagnantzonesof the
void spacesince it is 40% larger for the full cluster
than for the backbonealone. In addition, we note that,
while the void spacein our descriptionof the porous
mediais treatedas a continuum,the traditional random
resistor network representsa discreteelectrical system.
If consideredas continuum, the dangling ends in the
electrical problem could also modify the distribution of
currents. Accordingly,animprovedelectricalpercolation
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analogfor uid ow atlow Re conditionsmay apply if,
e.g.,eachconductingcell in the randomresistornetwork
werereplacedoy manyconductingelements.

In summary,we nd by direct numerical solution of
the Navier-Stokesequationsin a percolationgeometry
that \stagnant" zones play an important role in the
distributionnsEdof local kinetic energyE, which follows
a power law, nsEd~ E?2 | over roughly 5 orders of
magnitude. The origin of the power law could be due
to a multiplicative processinvolving random variables
[11]. Our nding contrastswith the log-normaltype of
distribution found for the analogouselectrical transport
problem in the samestructure[10], thereby providing
a counterexampleto the paradigm of electricity ow
in randomresistor networks and transportof massand
momentumin disorderedhorousmedia.
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