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We investigatethe uid "ow through two-dimensionalrami®edstructuresby direct simulation of the
Navier-StokesquationsWe showthat for treeswith n generationsthe ow distributionstronglydependon
the ReynoldsnumberRe. Speci®callyfor a treewithout loopsthe ow becomesighly heterogeneouat high
Re. For a tree with loops, on the otherhand,the "ow distributiontendsto be more uniform at increasedRe
conditions.We showthattheseapparentlycontradictorybehaviorshavethe sameorigin, namely,the effect of
inertia on the momentumtransportin the channelsof the rami®edgeometry.In orderto simulatethe propa-
gationof the ow imbalancethroughoutthe tree without loops,we developa simple modelthatincorporates
the basic uid dynamicsfeaturesof the system.For large trees,the resultsof the model indicate that the
distributionof "ow atthe outletbranchesanbedescribedy a self-af®@ndandscapeFinally, we arguethatthe
nonuniformpartitioningof "ow foundfor the structurewithout loopsmay contributeto the morphogenesiand
functioning of the bronchialtree. @1063-651X%99!18210-2¢

PACSnumbers!: 47.6011i, 87.19.Uv

I. INTRODUCTION

The problemof "uid "ow in branchinggeometriesarises
when studyinga variety of phenomenan physics,geology,
andbiology. Examplesrangefrom "uid “ow throughporous
media@# a problemthat hasimportantimplicationsfor ca-
talysisandoil recovery,to respiration@#andblood circula-
tion @% where the mechanismof “ow bifurcation plays a
crucial role. The simplestapproachto this problemconsists
of emulatingthe channelsavailablefor ‘ow with a set of
equivalentimpedanceelements.Such an approximationas-
sumesa linear relation betweenthe "ux and the pressure
gradientalongthe channelsCalculationsbasedon linearim-
pedancemodelsare abundantin physicsand physiological
problemsregardlessof their limitation in reproducingsome
realistic details.For instance when appliedto steadyor pe-
riodic "ow through symmetric airway bifurcations, these
models predict a perfectly homogeneousand synchronous
“ow distribution @# A networkof bifurcatingand merging
channelss a simple model of porousmedia.The uid ow
throughsucha structurecanalsobe mimickedby the distri-
bution of electricalcurrentsin a network of resistors How-
ever,this analogycannotaccountor the combinedeffectsof
“uid inertia togetherwith the geometryof the pore space.
Recently,it hasbeenshownthat,in the contextof "uid “ow
through porous media, the linear approximationbasedon
viscous ow conditions~Stokes' ow! is not capableof de-
scribingsomecrucialaspect®f the phenomenonsuchasthe
role of ““stagnant” zonesand the relevanceof ow separa-
tion effectsandinertia @+ Numericaland experimentakvi-
dencepresentedn @+ 14# supportthe ideathat the nonlin-
eareffectsarisingfrom the contributionof inertial forceson
the transportof momentumcanalsohavea strongin uence
on the propertiesof "ow throughbranchedstructures.

With regardto physiologicalimplications, Wilquem and
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Degrez @ investigatednumerically the steadyinspiratory
“ow throughtwo-dimensionahirway modelswith threegen-
erationsof branches.They were able to con®rmprevious
experimentalbbservationg®,13 revealinga signi®canim-
balancein the ow distributionbetweenthe medialandlat-
eral branchesof the tree. Zhao et al. @5# studied,both nu-
merically and experimentally, the steady inspiratory and
expiratory ow in a three-dimensionahirway system of
single symmetric bifurcations. They showedthat the "ow
resultsobtainedfrom computationakimulationsarein good
agreementwith the experiments,especiallyduring expira-
tion. In the presentstudy, we addressthe questionof “ow
asymmetnyin alargenetworkof bifurcatingsegmentandin
the presencef loops.

We investigate uid “ow throughchannelnetworkswith
two differenttypesof geometriesThe ®rstis a tree of up to
®vegeneration®f brancheswith no loops. The secondis a
tree of up to nine generation®f identicalchannelghatform
asubsebf ahexagonalattice. For the ®rsttype of geometry,
we showthat, in spite of the symmetryof the structure the
“ow distribution in the last generationsegmentsbecomes
highly heterogeneouat high ReynoldsnumbersFor thetree
with loops,we demonstratéhat the pro®leof out ow uxes
at low valuesof the Reynoldsnumber can be adequately
representedby the distribution of electrical currentsexiting
an analogresistornetwork model. We also observethat the
“ow attheoutletsectiongdepend®on the velocity attheinlet
and tendsto becomemore homogeneouss the Reynolds
numberis increasedThe organizationof the paperis asfol-
lows. In Sec.ll, we presenthe characteristicef the numeri-
cal model and relatedparametersThe resultsare then pre-
sentedand discussedn Sec.lll wherewe also developa
binary modelto representuid “ow in thistype of geometry.
Theresultsfor atreewith loopsareshownin Sec.lV andthe
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concluding considerations  are presented in
Sec.V.

II. MATHEMATICAL MODEL AND NUMERICAL
SOLUTION

The mathematicaldescriptionfor the detailed uid me-
chanicsin a branchingcascadef two-dimensionathannels
is basedon the steadystateform of the Navier-Stokesand
continuity equationg@6#for momentumandmassconserva-
tion, respectively,

Ju_ Ju Ip u_ J?u
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Here, the independentariablesx andy denotethe position
in thetree,u andv arethe component®f thevelocity vector
in the x and y directions, respectively,and p is the local
pressurein the system.The relevantphysical propertiesof
the "owing systemare the densityr andthe viscosity m of
the "uid. In our simulations, we use air as the uid
(r51.225 kgm? 3,06 1.7898 10°kgm?* 1)  and
considemonslipboundaryconditionsat the entire solid "uid
interface.In addition, a uniform velocity pro®leis assumed
attheinlet of the ®rstgeneratiorchannelwhereasat the exits
of the lastgeneratiorbranchesthe changesn velocity rates
are assumedo be zero ~gradientlesdoundaryconditions.
The Reynoldsnumberis de®nedasReg rVd/m, whered is
a characteristicength chosento be the width of the ®rst
generatiorchannelandV is theinlet velocity. The numerical
solutionof Egs.~1!+-3! for the velocity andpressureé®eldsn
the rami®edstructureis obtainedthrough discretizationby
meansof the control volume®nitedifferencetechniqueThe
complexgeometriednvolved in the tree of channelsmakes
the creationof structuredgrids comprisingquadrilaterakele-
ments very dif®cult, if not prohibitive. To overcomethis
problem,we usean unstructurednesh~seeFig. 1! basedon
triangular grid elementsof a Delaunaynetwork @7# For
example,in the caseof a ®vegeneratiortree without loops,
a total of 17864 cells generatessatisfactoryresults when
comparedvith numericalmeshef small resolution-differ-
encesare smallerthan 1% in the outlet mass uxes!. The
integralform of the governingequations-! +-3! is thencon-
sideredat eachtriangular elementof the numericalgrid to
producea setof couplednonlinearalgebraicequationsvhich
are pseudolinearize@nd solvedusing the siMPLE algorithm
@8# For nonlinearproblemswhich are strongly in uenced
by boundaryconditions,the stability and convergencehar-
acteristicof anumericalmethodaredif®cultto demonstrate.
In spite of this, both properties have been exhaustively
checkedfor our computationakimulations.Thesetestshave
beenperformedthroughnumericalexperimentdeforeusing
a given solution in our study. The criteria for convergence
that we usedin the simulationsis de®nedn terms of the
““residuals" which providea measureof the degreeto which
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FIG. 1. Subsetf the computationameshcomposedf triangu-
lar elementsusedto solve the Navier-Stokesand continuity equa-
tionsin a treewithout loops.

eachof the conservatiorequationss satis®edhroughouthe
“ow ®eld.Residualsare computedby summingthe imbal-
ancein eachequationfor all cellsin thedomain.Theresidu-
alsfor each ow variable-e.g.,velocity, pressuregetc! give
a measureof the error magnitudein the solution at each
iteration. In general,a solution canbe consideredvell con-
vergedif the normalizedresidualsare on the orderof 107 3.
In all simulationswe performed,convergenceés considered
to be achievedonly when eachof the normalizedresiduals
fall below 107 3. For a given resolution of the numerical
mesh,we usuallyperforman additional100 iterationsto test
the stability of the convergedsolution. A typical pro®leof
the residualsversusiteration numberfor a convergedsolu-
tion is shownin Fig. 2. Finally, it is worth mentioningthat
becauseothe nonlinearityof the equationsetbeingsolved,it
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FIG. 2. Typical convergencero®leobtainedfrom our numeri-
cal simulations Sincetheresidualsarestill decreasingfterconver-
genceis achievedwe canconsiderthe solutionto be stable.
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is not generallypossibleto obtaina solutionby fully substi-
tuting the improved values for each variable which have
beengeneratedy the approximatesolution of the ®nitedif-

ferenceequation.Convergencecan still be achieved,how-
ever, by under-relaxatiorwhich reduceshe changein each
variable producedduring eachiteration. Especiallyfor con-
ditions of the high Reynoldsnumber,a large numberof it-

erationssmorethan3000steps$ is neededueto thevery low

under-relaxatioparametershatarenecessaryo ensurecon-
vergence.

lll. TREE WITHOUT LOOPS

The geometricaimodelfor the treewithout loopsconsists
of a two-dimensionalsymmetrical cascadeof rectangular
channelsbranchingalong n generationsof bifurcations(n
> 3). In mostof the simulations,we usea ®xedbifurcation
angleu betweendaughtetbranchesn all generationaswell
asrealistic physiologicaldimensionsrom lung morphology
@94 Dueto the symmetrywith respecto the axis of the ®rst
generatiorchannelthe ow ®eldin only half of the domain
needs to be calculated. The "ow distribution in two-
dimensionaincompressiblesystemscanbe convenientlyde-
scribedin termsof the streamfunction, ¢ which is usually
de®nedasu[ Jc/]y andv[ 2 ]c/]x. Figure 3-& shows
the contourplot of the streamfunctionin a threegeneration
treewith branchingangle 5 60EandRe5 100. The lengths
and widths of the channelscorrespondto the lengthsand
diametersof generations8+5 in the morphologicalmodel of
the bronchialtree proposedby Hors®eldet al. @94 As ex-
pected,the streamlinesare equally distributed among the
channelsat low Reynoldsconditions.As a consequenceye
observeidentical mass uxes at the outlets of the terminal
branches@rminals0+3 in Fig. 3-al# In this situation of
viscous ow, the systemdisplaysa linear behaviorwhich
validatesthe analogy between uid "ow in a cascadeof
branchesandelectricaltransportin a network of ideal resis-
tors @# At high Re values,howeverthe nonlinearcontribu-
tion from the convectivetermsin Egs.~1! and-2! becomes
relevant.The effect of inertial forceson the ow ®eldis to
producean unevendistribution of outlet "uxes in the tree
@eeFig. 3-b'# By visual inspectionof the ow pattern,we
note that the "ux partitioning between pairs of daughter
branchesn thelastgeneration@rminalsO and 1 andtermi-
nals 2 and 3 in Fig. 3-b'# favors the brancheswhich are
aligned~1 and 2! with the inlet channelat the ®rstgenera-
tion. Figure 4 showsa closeupplot of the velocity vectors
througha threegeneratiortree calculatedat Re5 1200.Due
to symmetry themass ux in the®rstbranch(A in Fig. 4! is
equally divided betweenthe branchesB ~o the left! andC
~to theright! composingthe secondgenerationof channels.
However, the velocity pro®lesat the beginning of these
branchesare asymmetricwith velocity peakswhich are sig-
ni®cantlyshiftedtowardsthe inner walls the walls closeto
theaxisof branchA). If thelengthsof segment®8 andC are
not too large and Re is suf®cientlyhigh, the ow still dis-
playsan asymmetricpro®leat the distal endsof channelsB
and C. As a consequencehe "uxes enteringthe next gen-
erationdaughteibranchegD andE of branchB andF andG
of branch C) are different: the "uxes entering the inner
branchegE andF thatarealignedwith branchA) arehigher
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FIG. 3. ~a Contourplot of the streamfunctionin a threegen-
erationtree with bifurcation angle u5 60E and Re5 100. Fluid is
pushedfrom top to bottomthroughoutthe tree. Also shownis the
binary representatiomf eachoutlet branch.-b! Same & in ~a but
for a higher Reynoldsnumber(Re5 1200). ¢! Same & in ~b! but
for u5 120E The largerthe numberof streamlinesn a branching
element,the higherthe "ux. Note that the streamlinesare equally
distributedamongthe last generationchannelsin ~al, while in ~b!
and-~¢! the outlets1 and2 havehigher uxes comparedo outletsO
and3. Also, the numberof streamlinesindthusthe uxes at outlets
1 and?2 arelargerin -b! thanin ~!.

thanthoseenteringthe outerbranchegD andG). Whenthe
branchesaresuf®cientlylong and/orthe Reynoldsnumberis
low, a symmetricshapeof the velocity pro®leat the exits of
branchesB andC canbe reestablishedby viscousforces.In
this situation, the mass uxes in B and C split into equal
amountsat the bifurcation sections,maintaining,therefore,
the symmetryof the ow distribution.We examinethe con-
tribution of inertia to the "ow nonuniformity by computing
the ow ratesat the eightexits on the left-handside of a ®ve
generationtree. As shownin Fig. 5, at high Re, the local
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FIG. 4. Closeupof the velocity vector ®eldin the ®rstthree
generationsof channelscomprising a tree without loops (Re
5 1200).The effect of inertiaon the "uid ow is revealedby the
asymmetricdistribution of velocity vectorsin branchesB and C.
Vectorswith large magnitudesare substantiallyshifted toward the
direction of the axis of channelA. The propagationof this effect
throughoutthe remaining generationsis responsiblefor the “ux
heterogeneityat the outletsof the "owing systemat high Re con-
ditions.

“ow partitioning between any two daughter branches
~brancheghat belongto the sameparent favorsthe branch
which s alignedwith the grandparenbranch-branchlocated
two generationsabovein the samecascade Following the
enumeratiorschemepresentedn Fig. 5, Fig. 6 showshow
the outlet uxes normalizedby the total "ux penetratinghe
system-through the ®rst generationchannel becomepro-
gressivelymore heterogeneouas Re increasedrom 150 to
4800. As can be seen,the normalized ow ratesat exits 5
and 10 are substantiallyincreaseccomparedto thoseat the
other exits when the convectivemechanismof momentum
transportbecomesa dominatingmechanismin determining
the "uid "ow ®eld.The branchingangle v hasa strongin-
“uence on the distribution of "ows. A comparisorbetween
the contourplots shownin Figs. 3-b! and 3! clearly indi-
catesthatfor high Re the tendencyin which the ow favors
the internal branchess greatly enhancedor a tree with a

FIG. 5. Contourplot of the streamfunctionin a ®vegeneration
tree without loops for high Reynolds number conditions (Re
5 4800). Thewidth of the®rstchanneis d5 1.8 cmandthelength
is15 12 cm.
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FIG. 6. Flux distributions G at the outlet branchesin a ®ve
generationtree for Re5 150 ~circle!, 300 ~squaré, 600 ~riangld,
12004ull circle!, 2400~ull squaré, and 4800 ~ull triangle. The
insetcompareshe uid "ow simulations(Re5 1200,circle! andthe
binary tree model (p5 0.58, full circle!.

smaller branchingangle. This observationis quanti®edin
Fig. 7, wherewe show, for two different valuesof v, the
dependencen Re of the ratio G; /G, of the uxes at the
internal (G,) andexternal(G,) outletsof the third genera-
tion branchesAs expectedfor a ®xedbranchingangle,both
curvesshowa gradualincreaseof G, /G with the Reynolds
number.Furthermorefor high Re, the value of G,/G, be-
comessigni®cantlylarger for u5 60Ethan for v5 120E In
orderto elucidatethe effectsof the branchingangleu on the
asymmetryof “ow, additional uid dynamic simulations
with threegeneratiortreeshavebeenperformed We denote
the branchinganglebetweerthe ®rstgeneratiorof daughter
brancheqB andC in Fig. 4! by u; andthe branchingangle
betweenthe secondgeneratiorof daughtetbranchegD and
E, andF andG in Fig. 4! by u,. The simulationsare carried
out accordingto the following speci®cations:l! The bifur-
cation angle v, is ®xedto 120E.-2! The internal exit
branchesbranches andF in Fig. 4! arekeptalignedwith
the root ~branch A) independentlyof u; ~the bifurcation

FIG. 7. Dependencef the ux ratio G;/G, on the Reynolds
numberRe in threegeneratiortreesfor two different valuesof the
bifurcationangle v.
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FIG. 8. Dependencef the "ux ratio G, /G, on the bifurcation
angle u; betweendaughterbranchesat the secondgenerationThe
simulationshavebeenperformedwith threegeneratiortreesat high
Reynoldsconditions(Re5 1200). The bifurcationangleat the sec-
ond generatioris u,5 120E

angle betweenbranchesB and C). 3! We use the same
Reynoldsnumberfor all simulations(Re5 1200). Note that
for Reb 1200, the "ux ratio with equal bifurcation angles
(145 1,5 1208 is G,/Gy5 1.47 seeFig. 7. ~4! Simula-
tions arethencarriedout for differentvaluesof the bifurca-
tion angleu; (v,5 60E80E100E and1208.

In Fig. 8, we clearly seethatincreasinghe angleu; from
1,5 60Eto 145 120Eresultsin a decreasef the “ux ratio
G,/Gq from 2.52t0 1.47,respectively Basedon theseand
the previoussimulationswe concludethattherearetwo geo-
metricalfactorsto be consideredvhenanalyzingthe branch-
ing angleeffecton the ux partitioning.

! If we keeptheinternalexit branchesbranche€ andF
in Fig. 4! aligned with the root, a large branchingangle
betweenoutlets0 and 1 will correspondo a high "ux ratio
G1/Gy. This effectis solely dueto the relative alignmentof
the outlets-~third generatiorbranchekswith the inlet branch.

~i! The secondfactor refersto the horizontal shift be-
tweenthe inlet and internal outlet branchescausedby the
®rstbranchingangle u;. Thatis, while the outlet branches
andthe root remainparallel (E and A, andF andA), for a
larger u; the horizontaldistancebetweenbranchesE and A
~and F and A) increasesThis shift reducesthe "ux ratio
considerablyand is responsiblefor the lower "ux ratio at
higherbranchingangles.

Thus, for a given ®xedRe, when u; and u, increaseto-
getherasin Fig. 7, dueto the increasecdhorizontaldistance
betweentheroot ~branchA) andthe internaloutletbranches
(E andF), the 'ux partitioning decreasedFinally, we per-
form a seriesof simulationswith a tree of threegenerations
andbranchinganglesof 120Eto demonstratehat the asym-
metry effect causedby inertia is rather robust againstthe
outlet pressureboundaryconditions.A constanfow rateis
imposedat theinlet of the system(Re5 1200) andwe gradu-
ally changethe pressureat the end of the internal branches
@utlets1 and2 in Fig. 3-al#keepingthe static~gauge pres-
suresof the externalbranches@utletsO and 3 in Fig. 3-al#
constant-equalto zero,for referencé Obviously, sincethe
“ow rate is ®xedat the inlet, the pressureat the inlet will

M. P. ALMEIDA etal.
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FIG. 9. Dependenceof the "ux ratio G,/G, on the pressure
drop ratio Dp, /Dp, in three generationtrees (15 120E and Re
5 1200).

changewhenthe pressuret any of the exitsis modi®edWe
thereforecalculatethe averagepressureat the inlet by inte-
gratingoverall "uid cells connectedvith the interface.The
resultsof thesesimulationsaredisplayedin Fig. 9 wherewe
show the dependencef the mass ux ratio G, /Gy on the
ratio betweenthe pressuredrops of outlets 1 (Dp,;) and
0 (Dpy) in relationto the static pressureat the inlet of the
®rstgenerationchannel.For a ratio Dp, /Dpg of unity, we
recoverthe "ux ratio (G,/Gy5 1.47) found for Re5 1200
andu5 120E-seeFig. 7!. More importantly,we observethat
in order to reestablisha ““symmetric* "ux partitioning
(G1/Gy5 1) one hasto apply Dp;/Dpy 0.43. Thus, a
strong asymmetry of the outlet pressures (variability
. 100%) is necessanjn orderto compensatdor the "ux

asymmetrydueto inertial effectsat high Reynoldsnumbers.

A. Binary model

All the uid dynamicfeaturespresentedn the preceding
sectioncanbe combinedin a modelto qualitativelydescribe
the role of convectionon transportof “uid in a self-similar
branchingsystemof two-dimensionathannelsFirst, we as-
sumethateverybranchof the nextgeneratiorformsanangle
of 6 u degreeswith its parent. Also, we assumethat the
Reynoldsnumberis suf®cientlyhigh atthe entrancesothatit
is also high at eachbifurcation. As a consequencehe ux
partitioning can be takento be approximatelyconstantand
independenbf the Reynoldsnumber-seeFig. 7!. Thus,we
assumethat the "ux partitioningis constantthroughoutthe
tree so thatthe ow ratesin any two daughterbrancheddi-
vide always in a ®xed proportion of p/q, where pl q
51, p. q, andp5 f(Re,). The effectsof convectivemo-
mentumtransportarethenmimickedby assigningthe larger
factor p to the ow of the daughterbranchwhich is aligned
with its grandparentAll branchedn generatiom are num-
beredfrom 0 to 2" 12 1. In this way, the branchk in gen-
erationn2 1 bifurcatesto branche®k and2k1 1 in genera-
tion n. The branch2k forms an angle2 v and the branch
2k1 1 forms an angle1 u with the parent.Following this
schemethebranch2kl 1 ~odd is alignedwith its grandpar-
entif k is evenandthe branch2k -ever is alignedwith its
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FIG. 10. Constructiorof the self-af®@ndandscapef normalized
“uxes g(x) de®nedin Eqg. 5! as a function of the normalized
branchnumber.Successivapplicationsof Eq. ~6! using the step-
like functiong;(x) shownin ~al generatesh! g.(x), ~€! gs(x), and
~d! gg(X).

grandparentf k is odd. As a consequences branchwill be
alignedwith its grandparenif thetwo lastdigitsin its binary
representatiorare different. For a tree of threegenerations,
the brancheshouldhave ows asq/2, p/2, p/2, q/2, corre-
spondingto their binary codes00, 01, 10, and 11, respec-
tively. By induction,for atreewith n generationsthe ow in
branchk shouldthenbe

G-n,k!5 %puk)qnz 2210 ”

wherel (k) is the numberof switchesrom 1 to 0 andfrom O

to 1 in the binary representatiorof k with n2 1 digits. For
instance,in a tree of ®ve generationsthe brancheswith

numbers5 and 10 will havethe maximum ow of p%/2 be-
causetheir binary representations)101 and 1010, respec-
tively, both have 3 switches This simple binary model pre-
dicts a "ux distribution that is compatiblewith the direct
solution of the Navier-StokesequationsseeFig. 6 inset.

Dueto the symmetryof thetree,we only needto analyzethe
“ow distributionthroughits ®rsthalf. Thus,for generatiom,

we can normalizethe ow G in branchk by the factor
p"2 2/2 and de®nethe steplike ux function,

Dz 22 I(k)
g,X!5 5!

for k/2"?2< x, (k1 1)/2"22 with k50,1, ...,2"%22 1).
In this way, for n> 3 andxP @,1), g,(x) is a well de®ned
right-continuousand positive function with an upperbound
of 1. The four ®rstfunctionsof this series(g;,94,9s, and
ge) areshownin Fig. 10. The function g,, has2"?? steps
which are sequentiallynumberedoeginningfrom 0. We ob-
servethatg,; ; canbe generatedrom g,, if we simply mul-
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FIG. 11. Distribution of normalized uxes g(x) de®nedn Eg.
-5! asa function of the normalizedbranchnumberx at the outletsof
a ®vegeneratiorthick line! and a ten generationrthin line! tree.
Thesesteplikefunctionsare calculatedusing the binary tree model
with a partitioningratio q/p5 0.75.

tiply g,(x) by ascaledg; if k is evenor multiply g,(x) by a
scaledmirror of g5 if kis odd, i.e.,

nX1g3~2" 2x2 k! if k iseven,
On1 17X!5 n2 20 . !
nX!gsk1 12 2" “x! if k isodd.

For a ®xedxP @,1), the sequenc®f numbersg,(x) result-
ing from this iterative process,n5 3,4, ... convergesto a
valueg(x)P @,1# Therefore we cande®nethe function

g~x!5 lim g,~!

n!

xP @,1, ~!

which is also non-negativepoundedby 1 and everywhere
discontinuousn the interval @,1). For instance,the maxi-
mum ow g™®5 1 will belocatedat x5 2/3 sinceits binary
representationis 0.10101Q ... which has the maximum
possiblenumberof switchesin the sequenceln the limit n

I 7, g(x) isequalto O for everyx exceptvaluesof x which
are periodic with period01) in their binary representation.
For all the other numbersk2 22 s(k)! asn! *, and
henceg(x)! 0. It canbe readily shownthat the following
identity is alsovalid in the limit n!

1
g~x!5 $D9~2mx! for 0<x, om 8!

This relationship-8! indicatesthat the landscapesee Fig.

11! generatedrom the "uxes at the exits of the rami®ed
structureis self-af®ne@0# i.e., g(x)} b? 4g(bx), with an

exponenta5 log;o(p/q)/log,2. If 2™x hasbinary represen-
tation0X;X5 . . . %0101 . . . ,thenit is easyto showthatx is

representecby 0.0 .. .x;X5 ...%X0101 ... which hasm

switcheslessthan the binary representatiorof 2™x. Hence,
we obtainthe prefactor(q/p)™.
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FIG. 12. Contourplot of the streamfunctionin a ®vegeneration
tree with loops. In this case, uid is pushedfrom top to bottom
throughoutthe tree at low Reynoldsconditions(Re5 1). Note that
the numberof streamliness larger-andthusthe "uxes arehighet
at the centerchanneldn the last generation.

IV. TREE WITH LOOPS

The detailedgeometryof the tree with loops adoptedin
the presentstudy is analogousto a subsetof a hexagonal
lattice whosebondsaretwo-dimensionathannelsvith equal
lengthsandwidths ~seeFig. 12!. Hence,the uid domainis
essentiallya sequencef closedloopsof channelsDueto its
geometry,the ow ®eldin this structurehasa distinct and
oppositetrendascomparedvith the ow ®eldin atreewith-
out loops. Figure 12 showsthe contour plot of the stream
function in a ®vegenerationtree at a low Reynoldscondi-
tions(Re5 1). In contrastwith Fig. 3~a wherewe observea
uniform distribution of streamlinesamongbranchesin the
samegeneratiorat low valuesof Re, Fig. 12 showsa higher
densityof streamlinesn the centerchannelschannelsavhich
are closeto the axis of the ®rstgenerationchannél. In Fig.
13 we showthe pro®leof outlet mass uxes at low Rein a
nine generatiortree. In the limit of low Reynoldsnumbers,
the ux ontheloopedstructurecanalsobe found by solving
the analogelectricalcircuit problem@1# The analytic solu-
tion thatgivesthe velocitiesin the loopedstructurewhenthe
numberof generationk! can be found by a conformal
mappingof an equilateraltriangle onto the uppersemicircle
in the complexplanez with two chargedn(z2 i) and2 In(z
11i). As shownin Fig. 13, this analytic solutionis in good
agreemenwith the "ux distribution obtainedfrom the nu-
merical solution of the Navier-Stokesequations.At high
Reynoldsnumbersthe ow patternatthe outletlevel departs
from that obtainedby the electricalanalogmodel +ig. 14!.
As we graduallyincreaseRe, the pro®leof outlet uxes be-
comesmore uniform dueto a relativeincreasein the ows
carried by the segmentdar from the symmetryaxis of the
system.In contrastto the "uid "ow characteristicobserved
in atreewithout loops, the effect of inertia hereis to ““delo-
calize" thevelocity ®eldsothata conditionof homogeneous
“ow ®eldis generated.
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FIG. 13. Flux distribution at the outlet branchesf a nine gen-
erationtreewith loopsfor Reb 1 ~circlel. Theresultsfrom anana-
log electricalnetwork model~stat arein agreementith the "uid
dynamicsimulations.The solid line is the analyticalsolutionof the
in®nitenetwork @1#

V. DISCUSSION

Theclassicakorrespondenceetweenuid ow andelec-
trical currentin analogresistornetworkscertainlyrepresents
a simpleandusefulapproximationgspeciallywhenthe "uid
domainis a complex geometry,as in the caseof treesof
channelswith or without loops studiedin the presentwork.
This analogy,valid only for low Reynoldsnumbersor, more
precisely,in the situationof Stoke's ow, is consistentwith
the assumptionthat ‘uid ow in such complicated mor-
phologiesshouldnot dependon the relative direction of the
channelsThereforejf Hagen-Poiseuille'sow is locally ap-
plicable,only the dimensionswidth andlengtH of the rect-
angular channelscomposingthe rami®edstructure should
contributeto their correspondinghydraulic conductances .
In this case,a changein the bifurcation angles between
daughterchannelsin the branchingcascadeshouldhaveno
effecton the momentuntransportandcontinuity throughthe
tree, a situationwhich is entirely analogougo the distribu-
tion of currentsin anelectricalresistometwork.At increased

FIG. 14. Flux distribution at the outlet branchesf a nine gen-
eration tree with loops for Re5 1 ~circle!, 10 ~riangle up!, 100
~squaré, and 1000 riangle down!.
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Reynoldsnumbers,however,the convectivemechanismof
momentumtransportbecomesrelevantand the changesin
the relative directions of the channels-occurring at the
bifurcations/curvescan signi®cantlyaffect the ow pattern.
More speci®callywe notethatthe ow ®eldin a tree with-
out loops becomesmore heterogeneousit high Reynolds
numbers,as opposedto the highly uniform distribution of
“uxes found for low Re ow. Interestingly,the effect of
inertiaonthe ow throughatreewith loopsis to enhanceahe
transportof momentumand then promotea more uniform
distribution of streamlinesamongdifferent "uid pathways.
To someextent, this correspondgo a ““delocalization" of
velocity ®eld.Thus,the presencef loopsin a tree structure
can have very important consequencesn the established
“ow ®eld.

With regardto the physiologicalimplications of our re-
sults, we note that Fig. 4 suggeststhat the relative "ows
deliveredto the various outlets of this symmetricstructure
becomeincreasinglyasymmetricwith a large variability for
large Re. Applied to steady ow conditionsduring inspira-
tion, our model predictsthat the amountof air and hence
oxygendeliveredto the peripheryof the lung is also very
heterogeneouslgistributedamongthe alveoli wheregasex-
changeoccurs.This appeardgo bein contradictionto the fact
that time constantinequalitiesamongparallel pathwaysare
relatively small in the normal lung and hence ventilation
distribution should be fairly uniform and primarily deter-
mined by the distribution of local compliances@2# The
“ow heterogeneityat the outlets of the branchingcascade
certainly dependson the loadsand their heterogeneitiest-
tachedto the last generationchannels.In the airway tree
theseloadsarethe complianceof the alveolarwall tissueand
the compressibilityof the alveolargas.One may arguethat
“ow asymmetryin the bronchialtreeis very likely to be a
consequencef theunequalpressuraistributionat the lower
generatiorbranchegdue to heterogeneitiein the compliant
elementsExperimentaldataobtainedusingthe alveolarcap-
suletechnique@5# provide evidencethat at low frequencies
~closeto the breathingrateof * 0.1 Hz), the coef®cienbf
variationof alveolarpressuresn phasewith lung volumeis
between2% and 6%. Our simulationresultsin Fig. 9 indi-
catethatthis amountof variability in pressurest the exitsis
signi®cantlysmallerthan the variability necessaryo elimi-
natethe ux heterogeneitydue to convectiveinertia. Thus,
alveolar pressurenonhomogeneityn the lung cannotcom-
pensatefor the large "ux heterogeneityyet ventilation dis-
tribution ~uxes deliveredto the periphery is reasonably
uniform. The questionthereforearisesas to what are the
mechanismén thereallung thatcanbalance ow imbalance
due to nonlinearinertial effects?Below, we discussthree
possiblemechanisms.

First, our simulation uses a symmetric Cayley tree,
whereaghe geometricaktructureof the airwaytreeis highly
asymmetric.In Hors®eld'sairway tree models,asymmetry
not only meansthat somebranchesare missing, but the di-
ametersof the branchegoward a shorterpathwaydecrease
fasterleadingto smallersize subtrees@9# Thus, one pos-
sible mechanismthat may compensatdor ow imbalance
due to nonlinearinertial effectsis structuralasymmetry.In
otherwords,the centralairwaysreceivingsmaller ows ~due
to inertid may serve correspondinglysmaller alveolar re-
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gions that match the size of the region. This would then
allow for a homogeneouwentilation distribution which is
requiredfor the normalfunctioning of the lung.

The secondpossiblemechanismis relatedto the existence
of loops in the tracheobronchialree. Theseloops, called
collateralairways,are channelonnectingdifferent subtrees
in the tracheobronchiaktructure@7,23¢ The primary role
collateralairwaysmay play in the functioningof thelung has
beena controversialissuein the literature. Our simulations
may provide a new interpretationfor their physiological
function. Figure 14 showsthatwhenthe Reynoldsnumberis
high, "ow distribution at the outlets of the tree with loops
tendsto becomemore homogeneousThus, similarly to the
effect of loops that compensatdor the asymmetryin “ow
causedby inertia, the collateralairwaysmay helpin provid-
ing a morehomogeneousow delivery to the peripheryand
henceventilationdistribution.

Third, our simulationsassumerigid channelwalls. How-
ever,the airwaysare compliantstructuresn the lung. When
“ow is largein a segmentdueto the Bernoulli effect, lateral
pressuraearthe airwaywall decreaseandhencetransmural
pressureacrosshe compliantwall increasesAs aresult,the
airway diameterdecreaseand so doeslocal Reynoldsnum-
ber. Thus, ow distribution will be alteredin the nearby
segmentdn a mannerthat reduces ow heterogeneitylt is
alsopossiblethat the smoothmusclein the airway wall can
locally regulateairway wall complianceso that ow hetero-
geneityandhenceventilationdistributionbecomesnoreuni-
form.

While the abovemechanismsnay actto reduce ow het-
erogeneitythey are not suf®ciento makethe ow distribu-
tion uniform. Unfortunately, large trees are impossibleto
treat numerically. Our binary tree model is, however,very
usefulasit can provideinsight into the effect of inertia on
the ow distributionin large trees.The self-af®nestructure
of ow partitioningindicatesa heterogeneousow distribu-
tion; we expectthat this featuredoesnot dependon the ap-
proximationsin the binary tree model, namely, constant
anglesandconstanp alongthetree.In reality, p maydepend
in a complexmanneron the actualgeometry However,it is
the meanvalue of p thatdeterminesow distributionin the
periphery @6# Using three,four, and ®vegenerationtrees,
we ®nd an averagevalue of p/q5 1.4% 0.03 which gives
p' 0.59at Re5 1200.This valueis consistentwith p5 0.58
usedin the binary tree modelto ®tthe ow data.The small
variability (' 6% of themean con®rmsur assumptiorthat
the p/q ratio is approximatelyconstantthroughoutthe gen-
erationsfor suf®cientlylarge Re values.The exponenta is
useful in quantifying the effect of asymmetrydue to ow
partitioning in large trees.Using the valuesof p and g re-
portedin Ref. @64 we &d a5 0.9 for the humanlung and
a5 1.6 for the moreasymmetricdog lung.

Finally, we note that it was arguedin Ref. @4# that the
asymmetricstructureof the lung is solely dueto geometrical
constraintsOur study,however suggests possibledifferent
origin for this structuresincethe asymmetryof the bronchial
treecanbein uencedby the uid "ow asymmetrycombined
with the requirementf homogeneousentilation.
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