
Fluid ¯ow through rami®ed structures

M. P. Almeida,1 J. S. Andrade,Jr.,1,2,3 S. V. Buldyrev,2 F. S. A. Cavalcante,1,4 H. E. Stanley,2 andB. Suki5
1Departamentode FõÂsica,UniversidadeFederaldo CearaÂ, 60455-760Fortaleza,CearaÂ, Brazil

2Centerfor PolymerStudiesand Departmentof Physics,BostonUniversity,Boston,Massachusetts02215
3PMMH-ESPCI,10 rue Vauquelin,75231Paris Cedex05, France

4Departamentode FõÂsica e QuõÂmica,UniversidadeEstadualdo CearaÂ, AvenidaParanjana,Fortaleza,CearaÂ, Brazil
5Departmentof BiomedicalEngineering,BostonUniversity,Boston,Massachusetts02215

~Received2 March1999!

We investigatethe ¯uid ¯ow through two-dimensionalrami®edstructuresby direct simulation of the
Navier-Stokesequations.We showthat for treeswith n generations,the ¯ow distributionstronglydependson
theReynoldsnumberRe.Speci®cally,for a treewithout loopsthe¯ow becomeshighly heterogeneousat high
Re. For a treewith loops,on the otherhand,the ¯ow distribution tendsto be moreuniform at increasedRe
conditions.We showthat theseapparentlycontradictorybehaviorshavethesameorigin, namely,theeffectof
inertia on the momentumtransportin the channelsof the rami®edgeometry.In order to simulatethe propa-
gationof the ¯ow imbalancethroughoutthe treewithout loops,we developa simplemodel that incorporates
the basic ¯uid dynamicsfeaturesof the system.For large trees,the resultsof the model indicate that the
distributionof ¯ow at theoutletbranchescanbedescribedby a self-af®nelandscape.Finally, we arguethatthe
nonuniformpartitioningof ¯ow foundfor thestructurewithout loopsmaycontributeto themorphogenesisand
functioningof the bronchialtree.@S1063-651X~99!18210-2#

PACSnumber~s!: 47.60.1 i, 87.19.Uv

I. INTRODUCTION

The problemof ¯uid ¯ow in branchinggeometriesarises
whenstudyinga variety of phenomenain physics,geology,
andbiology. Examplesrangefrom ¯uid ¯ow throughporous
media@1#, a problemthat hasimportantimplicationsfor ca-
talysisandoil recovery,to respiration@2#andblood circula-
tion @3#, where the mechanismof ¯ow bifurcation plays a
crucial role. The simplestapproachto this problemconsists
of emulatingthe channelsavailablefor ¯ow with a set of
equivalentimpedanceelements.Suchan approximationas-
sumesa linear relation betweenthe ¯ux and the pressure
gradientalongthechannels.Calculationsbasedon linear im-
pedancemodelsare abundantin physicsand physiological
problemsregardlessof their limitation in reproducingsome
realisticdetails.For instance,whenappliedto steadyor pe-
riodic ¯ow through symmetric airway bifurcations, these
models predict a perfectly homogeneousand synchronous
¯ow distribution@4#. A networkof bifurcatingandmerging
channelsis a simplemodelof porousmedia.The ¯uid ¯ow
throughsucha structurecanalsobe mimickedby the distri-
bution of electricalcurrentsin a networkof resistors.How-
ever,this analogycannotaccountfor thecombinedeffectsof
¯uid inertia togetherwith the geometryof the pore space.
Recently,it hasbeenshownthat, in thecontextof ¯uid ¯ow
through porous media, the linear approximationbasedon
viscous¯ow conditions~Stokes'¯ow ! is not capableof de-
scribingsomecrucialaspectsof thephenomenon,suchasthe
role of ``stagnant'' zonesand the relevanceof ¯ow separa-
tion effectsandinertia @5#. Numericalandexperimentalevi-
dencepresentedin @6±14#, supportthe idea that the nonlin-
eareffectsarisingfrom the contributionof inertial forceson
the transportof momentumcanalsohavea strongin¯uence
on the propertiesof ¯ow throughbranchedstructures.

With regardto physiologicalimplications,Wilquem and

Degrez@7# investigatednumerically the steadyinspiratory
¯ow throughtwo-dimensionalairwaymodelswith threegen-
erationsof branches.They were able to con®rmprevious
experimentalobservations@8,13# revealinga signi®cantim-
balancein the ¯ow distributionbetweenthe medialand lat-
eral branchesof the tree.Zhao et al. @15# studied,both nu-
merically and experimentally, the steady inspiratory and
expiratory ¯ow in a three-dimensionalairway system of
single symmetric bifurcations.They showedthat the ¯ow
resultsobtainedfrom computationalsimulationsarein good
agreementwith the experiments,especiallyduring expira-
tion. In the presentstudy, we addressthe questionof ¯ow
asymmetryin a largenetworkof bifurcatingsegmentsandin
the presenceof loops.

We investigatē uid ¯ow throughchannelnetworkswith
two different typesof geometries.The ®rstis a treeof up to
®vegenerationsof branches,with no loops.The secondis a
treeof up to ninegenerationsof identicalchannelsthat form
a subsetof a hexagonallattice.For the®rsttypeof geometry,
we showthat, in spiteof the symmetryof the structure,the
¯ow distribution in the last generationsegmentsbecomes
highly heterogeneousat high Reynoldsnumbers.For thetree
with loops,we demonstratethat thepro®leof out¯ow ¯uxes
at low values of the Reynoldsnumber can be adequately
representedby the distribution of electricalcurrentsexiting
an analogresistornetworkmodel.We alsoobservethat the
¯ow at theoutletsectionsdependson thevelocity at theinlet
and tends to becomemore homogeneousas the Reynolds
numberis increased.The organizationof the paperis asfol-
lows. In Sec.II, we presentthecharacteristicsof thenumeri-
cal model and relatedparameters.The resultsare then pre-
sentedand discussedin Sec. III where we also developa
binarymodelto represent̄uid ¯ow in this typeof geometry.
Theresultsfor a treewith loopsareshownin Sec.IV andthe
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concluding considerations are presented in
Sec.V.

II. MATHEMATICAL MODEL AND NUMERICAL
SOLUTION

The mathematicaldescriptionfor the detailed¯uid me-
chanicsin a branchingcascadeof two-dimensionalchannels
is basedon the steadystateform of the Navier-Stokesand
continuityequations@16#for momentumandmassconserva-
tion, respectively,
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Here, the independentvariablesx andy denotethe position
in thetree,u andv arethecomponentsof thevelocity vector
in the x and y directions, respectively,and p is the local
pressurein the system.The relevantphysicalpropertiesof
the ¯owing systemare the densityr and the viscositym of
the ¯uid. In our simulations, we use air as the ¯uid
(r 5 1.225 kg m2 3,m5 1.78943 102 5 kg m2 1 s2 1) and
considernonslipboundaryconditionsat theentiresolid ¯uid
interface.In addition,a uniform velocity pro®leis assumed
at theinlet of the®rstgenerationchannelwhereasat theexits
of the last generationbranches,the changesin velocity rates
are assumedto be zero ~gradientlessboundaryconditions!.
The Reynoldsnumberis de®nedasRe[ r Vd/m, whered is
a characteristiclength chosento be the width of the ®rst
generationchannelandV is the inlet velocity. Thenumerical
solutionof Eqs.~1!±~3! for thevelocityandpressure®eldsin
the rami®edstructureis obtainedthrough discretizationby
meansof thecontrol volume®nitedifferencetechnique.The
complexgeometriesinvolved in the treeof channelsmakes
the creationof structuredgrids comprisingquadrilateralele-
ments very dif®cult, if not prohibitive. To overcomethis
problem,we usean unstructuredmesh~seeFig. 1! basedon
triangular grid elementsof a Delaunaynetwork @17#. For
example,in the caseof a ®vegenerationtreewithout loops,
a total of 17864 cells generatessatisfactoryresults when
comparedwith numericalmeshesof small resolution~differ-
encesare smaller than 1% in the outlet mass¯uxes!. The
integralform of thegoverningequations~1!±~3! is thencon-
sideredat eachtriangularelementof the numericalgrid to
producea setof couplednonlinearalgebraicequationswhich
arepseudolinearizedandsolvedusing the SIMPLE algorithm
@18#. For nonlinearproblemswhich are strongly in¯uenced
by boundaryconditions,the stability andconvergencechar-
acteristicsof a numericalmethodaredif®cultto demonstrate.
In spite of this, both properties have been exhaustively
checkedfor our computationalsimulations.Thesetestshave
beenperformedthroughnumericalexperimentsbeforeusing
a given solution in our study. The criteria for convergence
that we usedin the simulationsis de®nedin terms of the
``residuals''which providea measureof thedegreeto which

eachof theconservationequationsis satis®edthroughoutthe
¯ow ®eld.Residualsare computedby summingthe imbal-
ancein eachequationfor all cells in thedomain.Theresidu-
als for each¯ow variable~e.g.,velocity, pressure,etc.! give
a measureof the error magnitudein the solution at each
iteration.In general,a solutioncanbe consideredwell con-
vergedif the normalizedresidualsareon the orderof 102 3.
In all simulationswe performed,convergenceis considered
to be achievedonly when eachof the normalizedresiduals
fall below 102 3. For a given resolution of the numerical
mesh,we usuallyperformanadditional100 iterationsto test
the stability of the convergedsolution. A typical pro®leof
the residualsversusiteration numberfor a convergedsolu-
tion is shownin Fig. 2. Finally, it is worth mentioningthat
becauseofthenonlinearityof theequationsetbeingsolved,it

FIG. 1. Subsetof thecomputationalmeshcomposedof triangu-
lar elementsusedto solve the Navier-Stokesand continuity equa-
tions in a treewithout loops.

FIG. 2. Typical convergencepro®leobtainedfrom our numeri-
cal simulations.Sincetheresidualsarestill decreasingafterconver-
genceis achieved,we canconsiderthe solutionto be stable.
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is not generallypossibleto obtaina solutionby fully substi-
tuting the improved values for each variable which have
beengeneratedby the approximatesolutionof the ®nitedif-
ferenceequation.Convergencecan still be achieved,how-
ever,by under-relaxationwhich reducesthe changein each
variableproducedduring eachiteration.Especiallyfor con-
ditions of the high Reynoldsnumber,a large numberof it-
erations~morethan3000steps! is neededdueto thevery low
under-relaxationparametersthatarenecessaryto ensurecon-
vergence.

III. TREE WITHOUT LOOPS

Thegeometricalmodelfor the treewithout loopsconsists
of a two-dimensionalsymmetrical cascadeof rectangular
channelsbranchingalong n generationsof bifurcations(n
> 3). In mostof the simulations,we usea ®xedbifurcation
angleu betweendaughterbranchesin all generationsaswell
asrealisticphysiologicaldimensionsfrom lung morphology
@19#. Dueto thesymmetrywith respectto theaxisof the®rst
generationchannel,the ¯ow ®eldin only half of the domain
needs to be calculated. The ¯ow distribution in two-
dimensionalincompressiblesystemscanbeconvenientlyde-
scribedin termsof the streamfunction, c which is usually
de®nedas u[ ] c /] y and v [ 2 ] c /] x. Figure 3~a! shows
the contourplot of the streamfunction in a threegeneration
treewith branchingangleu5 60ÉandRe5 100.The lengths
and widths of the channelscorrespondto the lengthsand
diametersof generations3±5 in the morphologicalmodelof
the bronchialtree proposedby Hors®eldet al. @19#. As ex-
pected,the streamlinesare equally distributed among the
channelsat low Reynoldsconditions.As a consequence,we
observeidentical mass¯uxes at the outletsof the terminal
branches@terminals0±3 in Fig. 3~a!#. In this situation of
viscous¯ow, the systemdisplaysa linear behaviorwhich
validates the analogy between¯uid ¯ow in a cascadeof
branchesandelectricaltransportin a networkof ideal resis-
tors@1#. At high Revalues,however,thenonlinearcontribu-
tion from the convectivetermsin Eqs.~1! and~2! becomes
relevant.The effect of inertial forceson the ¯ow ®eldis to
producean unevendistribution of outlet ¯uxes in the tree
@seeFig. 3~b!#. By visual inspectionof the ¯ow pattern,we
note that the ¯ux partitioning betweenpairs of daughter
branchesin the lastgeneration@terminals0 and1 andtermi-
nals 2 and 3 in Fig. 3~b!# favors the brancheswhich are
aligned~1 and 2! with the inlet channelat the ®rstgenera-
tion. Figure 4 showsa closeupplot of the velocity vectors
througha threegenerationtreecalculatedat Re5 1200.Due
to symmetry,themass̄ ux in the®rstbranch(A in Fig. 4! is
equally divided betweenthe branchesB ~to the left! and C
~to the right! composingthe secondgenerationof channels.
However, the velocity pro®lesat the beginning of these
branchesareasymmetricwith velocity peakswhich aresig-
ni®cantlyshiftedtowardsthe inner walls ~the walls closeto
theaxisof branchA). If the lengthsof segmentsB andC are
not too large and Re is suf®cientlyhigh, the ¯ow still dis-
playsan asymmetricpro®leat the distal endsof channelsB
and C. As a consequence,the ¯uxes enteringthe next gen-
erationdaughterbranches(D andE of branchB andF andG
of branch C) are different: the ¯uxes entering the inner
branches(E andF thatarealignedwith branchA) arehigher

thanthoseenteringtheouterbranches(D andG). Whenthe
branchesaresuf®cientlylong and/ortheReynoldsnumberis
low, a symmetricshapeof thevelocity pro®leat theexitsof
branchesB andC canbe reestablishedby viscousforces.In
this situation, the mass¯uxes in B and C split into equal
amountsat the bifurcation sections,maintaining,therefore,
the symmetryof the ¯ow distribution.We examinethe con-
tribution of inertia to the ¯ow nonuniformity by computing
the¯ow ratesat theeightexitson the left-handsideof a ®ve
generationtree. As shown in Fig. 5, at high Re, the local

FIG. 3. ~a! Contourplot of the streamfunction in a threegen-
eration tree with bifurcation angleu5 60Éand Re5 100. Fluid is
pushedfrom top to bottomthroughoutthe tree.Also shownis the
binary representationof eachoutlet branch.~b! Same as in ~a! but
for a higherReynoldsnumber(Re5 1200). ~c! Same as in ~b! but
for u5 120É. The larger the numberof streamlinesin a branching
element,the higher the ¯ux. Note that the streamlinesare equally
distributedamongthe last generationchannelsin ~a!, while in ~b!
and~c! theoutlets1 and2 havehigher¯uxes comparedto outlets0
and3. Also, thenumberof streamlinesandthusthe¯uxes at outlets
1 and2 are larger in ~b! thanin ~c!.
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¯ow partitioning between any two daughter branches
~branchesthat belongto the sameparent! favors the branch
which is alignedwith thegrandparentbranch~branchlocated
two generationsabovein the samecascade!. Following the
enumerationschemepresentedin Fig. 5, Fig. 6 showshow
the outlet ¯uxes normalizedby the total ¯ux penetratingthe
system~through the ®rst generationchannel! becomepro-
gressivelymoreheterogeneousasRe increasesfrom 150 to
4800. As can be seen,the normalized¯ow ratesat exits 5
and 10 are substantiallyincreasedcomparedto thoseat the
other exits when the convectivemechanismof momentum
transportbecomesa dominatingmechanismin determining
the ¯uid ¯ow ®eld.The branchingangleu hasa strongin-
¯uence on the distribution of ¯ows. A comparisonbetween
the contourplots shownin Figs. 3~b! and 3~c! clearly indi-
catesthat for high Re the tendencyin which the ¯ow favors
the internal branchesis greatly enhancedfor a tree with a

smaller branchingangle. This observationis quanti®edin
Fig. 7, where we show, for two different valuesof u, the
dependenceon Re of the ratio G1 /G0 of the ¯uxes at the
internal (G1) andexternal(G0) outletsof the third genera-
tion branches.As expected,for a ®xedbranchingangle,both
curvesshowa gradualincreaseof G1 /G0 with theReynolds
number.Furthermore,for high Re, the value of G1 /G0 be-
comessigni®cantlylarger for u5 60Éthan for u5 120É. In
orderto elucidatetheeffectsof thebranchingangleu on the
asymmetryof ¯ow, additional ¯uid dynamic simulations
with threegenerationtreeshavebeenperformed.We denote
the branchinganglebetweenthe ®rstgenerationof daughter
branches(B andC in Fig. 4! by u1 andthe branchingangle
betweenthe secondgenerationof daughterbranches(D and
E, andF andG in Fig. 4! by u2. Thesimulationsarecarried
out accordingto the following speci®cations.~1! The bifur-
cation angle u2 is ®xed to 120É. ~2! The internal exit
branches~branchesE andF in Fig. 4! arekept alignedwith
the root ~branch A) independentlyof u1 ~the bifurcation

FIG. 4. Closeupof the velocity vector ®eld in the ®rst three
generationsof channels comprising a tree without loops (Re
5 1200).The effect of inertia on the ¯uid ¯ow is revealedby the
asymmetricdistribution of velocity vectorsin branchesB and C.
Vectorswith largemagnitudesaresubstantiallyshifted toward the
direction of the axis of channelA. The propagationof this effect
throughoutthe remaining generationsis responsiblefor the ¯ux
heterogeneityat the outletsof the ¯owing systemat high Re con-
ditions.

FIG. 5. Contourplot of the streamfunction in a ®vegeneration
tree without loops for high Reynolds number conditions (Re
5 4800). Thewidth of the®rstchannelis d5 1.8 cm andthelength
is l 5 12 cm.

FIG. 6. Flux distributions G at the outlet branchesin a ®ve
generationtree for Re5 150 ~circle!, 300 ~square!, 600 ~triangle!,
1200~full circle!, 2400~full square!, and4800~full triangle!. The
insetcomparesthe¯uid ¯ow simulations(Re5 1200,circle! andthe
binary treemodel (p5 0.58, full circle!.

FIG. 7. Dependenceof the ¯ux ratio G1 /G0 on the Reynolds
numberRe in threegenerationtreesfor two different valuesof the
bifurcationangleu.
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angle betweenbranchesB and C). ~3! We use the same
Reynoldsnumberfor all simulations(Re5 1200). Note that
for Re5 1200, the ¯ux ratio with equal bifurcation angles
(u15 u25 120É) is G1 /G05 1.47 ~seeFig. 7!. ~4! Simula-
tions arethencarriedout for different valuesof the bifurca-
tion angleu1 (u15 60É,80É,100É, and120É).

In Fig. 8, we clearlyseethat increasingtheangleu1 from
u15 60Éto u15 120Éresultsin a decreaseof the ¯ux ratio
G1 /G0 from 2.52 to 1.47, respectively.Basedon theseand
theprevioussimulations,we concludethattherearetwo geo-
metricalfactorsto beconsideredwhenanalyzingthebranch-
ing angleeffect on the ¯ux partitioning.

~i! If we keeptheinternalexit branches~branchesE andF
in Fig. 4! aligned with the root, a large branchingangle
betweenoutlets0 and1 will correspondto a high ¯ux ratio
G1 /G0. This effect is solelydueto the relativealignmentof
the outlets~third generationbranches! with the inlet branch.

~ii ! The secondfactor refers to the horizontal shift be-
tween the inlet and internal outlet branchescausedby the
®rstbranchingangleu1. That is, while the outlet branches
and the root remainparallel (E andA, andF andA), for a
largeru1 the horizontaldistancebetweenbranchesE andA
~and F and A) increases.This shift reducesthe ¯ux ratio
considerablyand is responsiblefor the lower ¯ux ratio at
higherbranchingangles.

Thus, for a given ®xedRe, whenu1 andu2 increaseto-
getheras in Fig. 7, due to the increasedhorizontaldistance
betweenthe root ~branchA) andthe internaloutletbranches
(E and F), the ¯ux partitioning decreases.Finally, we per-
form a seriesof simulationswith a treeof threegenerations
andbranchinganglesof 120Éto demonstratethat the asym-
metry effect causedby inertia is rather robust againstthe
outlet pressureboundaryconditions.A constant̄ ow rate is
imposedat theinlet of thesystem(Re5 1200)andwe gradu-
ally changethe pressureat the end of the internal branches
@outlets1 and2 in Fig. 3~a!#keepingthestatic~gauge! pres-
suresof the externalbranches@outlets0 and3 in Fig. 3~a!#
constant~equalto zero, for reference!. Obviously,sincethe
¯ow rate is ®xedat the inlet, the pressureat the inlet will

changewhenthepressureat anyof theexits is modi®ed.We
thereforecalculatethe averagepressureat the inlet by inte-
gratingover all ¯uid cells connectedwith the interface.The
resultsof thesesimulationsaredisplayedin Fig. 9 wherewe
show the dependenceof the mass¯ux ratio G1 /G0 on the
ratio betweenthe pressuredrops of outlets 1 (Dp1) and
0 (Dp0) in relation to the static pressureat the inlet of the
®rstgenerationchannel.For a ratio Dp1 /Dp0 of unity, we
recoverthe ¯ux ratio (G1 /G05 1.47) found for Re5 1200
andu5 120É~seeFig. 7!. More importantly,we observethat
in order to reestablisha ``symmetric'' ¯ux partitioning
(G1 /G05 1) one has to apply Dp1 /Dp0' 0.43. Thus, a
strong asymmetry of the outlet pressures (variability
. 100%) is necessaryin order to compensatefor the ¯ux
asymmetrydueto inertial effectsat high Reynoldsnumbers.

A. Binary model

All the ¯uid dynamicfeaturespresentedin the preceding
sectioncanbecombinedin a modelto qualitativelydescribe
the role of convectionon transportof ¯uid in a self-similar
branchingsystemof two-dimensionalchannels.First, we as-
sumethateverybranchof thenextgenerationformsanangle
of 6 u degreeswith its parent.Also, we assumethat the
Reynoldsnumberis suf®cientlyhigh at theentrancesothatit
is also high at eachbifurcation.As a consequence,the ¯ux
partitioning can be takento be approximatelyconstantand
independentof the Reynoldsnumber~seeFig. 7!. Thus,we
assumethat the ¯ux partitioning is constantthroughoutthe
treeso that the ¯ow ratesin any two daughterbranchesdi-
vide always in a ®xed proportion of p/q, where p1 q
5 1, p. q, and p5 f (Re,u). The effectsof convectivemo-
mentumtransportarethenmimickedby assigningthe larger
factor p to the ¯ow of the daughterbranchwhich is aligned
with its grandparent.All branchesin generationn arenum-
beredfrom 0 to 2n2 12 1. In this way, the branchk in gen-
erationn2 1 bifurcatesto branches2k and2k1 1 in genera-
tion n. The branch2k forms an angle2 u and the branch
2k1 1 forms an angle1 u with the parent.Following this
scheme,thebranch2k1 1 ~odd! is alignedwith its grandpar-
ent if k is evenandthe branch2k ~even! is alignedwith its

FIG. 8. Dependenceof the ¯ux ratio G1 /G0 on the bifurcation
angleu1 betweendaughterbranchesat the secondgeneration.The
simulationshavebeenperformedwith threegenerationtreesat high
Reynoldsconditions(Re5 1200). The bifurcationangleat the sec-
ond generationis u25 120É.

FIG. 9. Dependenceof the ¯ux ratio G1 /G0 on the pressure
drop ratio Dp1 /Dp0 in three generationtrees (u5 120Éand Re
5 1200).
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grandparentif k is odd. As a consequence,a branchwill be
alignedwith its grandparentif thetwo lastdigits in its binary
representationare different. For a tree of threegenerations,
the branchesshouldhave¯ows asq/2, p/2, p/2, q/2, corre-
spondingto their binary codes00, 01, 10, and 11, respec-
tively. By induction,for a treewith n generations,the¯ow in
branchk shouldthenbe

G~n,k!5
1

2
pl (k)qn2 22 l (k), ~4!

wherel (k) is thenumberof switchesfrom 1 to 0 andfrom 0
to 1 in the binary representationof k with n2 1 digits. For
instance,in a tree of ®ve generations,the brancheswith
numbers5 and10 will havethe maximum¯ow of p3/2 be-
causetheir binary representations,0101 and 1010, respec-
tively, both have3 switches. This simplebinary modelpre-
dicts a ¯ux distribution that is compatiblewith the direct
solution of the Navier-Stokesequations~seeFig. 6 inset!.
Dueto thesymmetryof thetree,we only needto analyzethe
¯ow distributionthroughits ®rsthalf. Thus,for generationn,
we can normalize the ¯ow G in branch k by the factor
pn2 2/2 andde®nethe steplike¯ux function,

gn~x!5 Sq

pDn2 22 l (k)

~5!

for k/2n2 2< x, (k1 1)/2n2 2 with k5 0,1, . . . ,(2n2 22 1).
In this way, for n> 3 andxP @0,1), gn(x) is a well de®ned
right-continuousand positive function with an upperbound
of 1. The four ®rst functionsof this series(g3 ,g4 ,g5, and
g6) are shown in Fig. 10. The function gn has2n2 2 steps
which aresequentiallynumberedbeginningfrom 0. We ob-
servethat gn1 1 canbe generatedfrom gn if we simply mul-

tiply gn(x) by a scaledg3 if k is evenor multiply gn(x) by a
scaledmirror of g3 if k is odd, i.e.,

gn1 1~x!5 Hgn~x!g3~2n2 2x2 k! if k is even,

gn~x!g3~k1 12 2n2 2x! if k is odd.
~6!

For a ®xedxP @0,1), the sequenceof numbersgn(x) result-
ing from this iterative process,n5 3,4, . . . convergesto a
valueg(x)P @0,1#. Therefore,we cande®nethe function

g~x!5 lim
n! `

gn~x! xP @0,1! , ~7!

which is also non-negative,boundedby 1 and everywhere
discontinuousin the interval @0,1). For instance,the maxi-
mum¯ow gmax5 1 will be locatedat x5 2/3 sinceits binary
representationis 0.1010101 . . . which has the maximum
possiblenumberof switchesin the sequence.In the limit n
! ` , g(x) is equalto 0 for everyx exceptvaluesof x which
are periodic ~with period 01) in their binary representation.
For all the other numbersk2 22 s(k)! ` as n! ` , and
henceg(x)! 0. It can be readily shownthat the following
identity is alsovalid in the limit n! ` :

g~x!5 Sq

pDm

g~2mx! for 0< x,
1

2m
. ~8!

This relationship~8! indicatesthat the landscape~seeFig.
11! generatedfrom the ¯uxes at the exits of the rami®ed
structureis self-af®ne@20#, i.e., g(x)} b2 ag(bx), with an
exponenta5 log10(p/q)/log102. If 2mx hasbinary represen-
tation0.x1x2 . . . xk0101 . . . , thenit is easyto showthatx is
representedby 0.000 . . .x1x2 . . . xk0101 . . . which has m
switcheslessthan the binary representationof 2mx. Hence,
we obtainthe prefactor(q/p)m.

FIG. 10. Constructionof theself-af®nelandscapeof normalized
¯uxes g(x) de®nedin Eq. ~5! as a function of the normalized
branchnumber.Successiveapplicationsof Eq. ~6! using the step-
like functiong3(x) shownin ~a! generates~b! g4(x), ~c! g5(x), and
~d! g6(x).

FIG. 11. Distribution of normalized¯uxes g(x) de®nedin Eq.
~5! asa functionof thenormalizedbranchnumberx at theoutletsof
a ®vegeneration~thick line! and a ten generation~thin line! tree.
Thesesteplikefunctionsarecalculatedusingthe binary treemodel
with a partitioningratio q/p5 0.75.
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IV. TREE WITH LOOPS

The detailedgeometryof the tree with loops adoptedin
the presentstudy is analogousto a subsetof a hexagonal
latticewhosebondsaretwo-dimensionalchannelswith equal
lengthsandwidths ~seeFig. 12!. Hence,the ¯uid domainis
essentiallya sequenceof closedloopsof channels.Dueto its
geometry,the ¯ow ®eldin this structurehasa distinct and
oppositetrendascomparedwith the¯ow ®eldin a treewith-
out loops. Figure 12 showsthe contour plot of the stream
function in a ®vegenerationtree at a low Reynoldscondi-
tions(Re5 1). In contrastwith Fig. 3~a! wherewe observea
uniform distribution of streamlinesamongbranchesin the
samegenerationat low valuesof Re,Fig. 12 showsa higher
densityof streamlinesin thecenterchannels~channelswhich
arecloseto the axis of the ®rstgenerationchannel!. In Fig.
13 we showthe pro®leof outlet mass¯uxes at low Re in a
nine generationtree.In the limit of low Reynoldsnumbers,
the¯ux on the loopedstructurecanalsobefoundby solving
the analogelectricalcircuit problem@21#. The analyticsolu-
tion thatgivesthevelocitiesin theloopedstructurewhenthe
numberof generationsk! ` can be found by a conformal
mappingof an equilateraltriangleonto the uppersemicircle
in the complexplanez with two chargesln(z2 i) and2 ln(z
1 i). As shownin Fig. 13, this analytic solution is in good
agreementwith the ¯ux distribution obtainedfrom the nu-
merical solution of the Navier-Stokesequations.At high
Reynoldsnumbers,the¯ow patternat theoutlet level departs
from that obtainedby the electricalanalogmodel~Fig. 14!.
As we graduallyincreaseRe, the pro®leof outlet ¯uxes be-
comesmore uniform due to a relative increasein the ¯ows
carriedby the segmentsfar from the symmetryaxis of the
system.In contrastto the ¯uid ¯ow characteristicsobserved
in a treewithout loops,theeffectof inertiahereis to ``delo-
calize'' thevelocity ®eldsothata conditionof homogeneous
¯ow ®eldis generated.

V. DISCUSSION

Theclassicalcorrespondencebetween̄ uid ¯ow andelec-
trical currentin analogresistornetworkscertainlyrepresents
a simpleandusefulapproximation,especiallywhenthe¯uid
domain is a complex geometry,as in the caseof treesof
channelswith or without loopsstudiedin the presentwork.
This analogy,valid only for low Reynoldsnumbersor, more
precisely,in the situationof Stoke's¯ow, is consistentwith
the assumptionthat ¯uid ¯ow in such complicatedmor-
phologiesshouldnot dependon the relativedirectionof the
channels.Therefore,if Hagen-Poiseuille's̄ow is locally ap-
plicable,only the dimensions~width andlength! of the rect-
angular channelscomposingthe rami®edstructureshould
contributeto their correspondinghydraulic conductances .
In this case,a changein the bifurcation angles between
daughterchannelsin the branchingcascadeshouldhaveno
effecton themomentumtransportandcontinuitythroughthe
tree,a situationwhich is entirely analogousto the distribu-
tion of currentsin anelectricalresistornetwork.At increased

FIG. 12. Contourplot of thestreamfunctionin a ®vegeneration
tree with loops. In this case,¯uid is pushedfrom top to bottom
throughoutthe treeat low Reynoldsconditions(Re5 1). Note that
the numberof streamlinesis larger~andthusthe ¯uxes arehigher!
at the centerchannelsin the last generation.

FIG. 13. Flux distributionat the outlet branchesof a nine gen-
erationtreewith loopsfor Re5 1 ~circle!. The resultsfrom an ana-
log electricalnetworkmodel~star! are in agreementwith the ¯uid
dynamicsimulations.Thesolid line is theanalyticalsolutionof the
in®nitenetwork@21#.

FIG. 14. Flux distributionat the outlet branchesof a nine gen-
eration tree with loops for Re5 1 ~circle!, 10 ~triangle up!, 100
~square!, and1000~triangledown!.
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Reynoldsnumbers,however,the convectivemechanismof
momentumtransportbecomesrelevantand the changesin
the relative directions of the channels~occurring at the
bifurcations/curves! cansigni®cantlyaffect the ¯ow pattern.
More speci®cally,we notethat the ¯ow ®eldin a treewith-
out loops becomesmore heterogeneousat high Reynolds
numbers,as opposedto the highly uniform distribution of
¯uxes found for low Re ¯ow. Interestingly, the effect of
inertiaon the¯ow througha treewith loopsis to enhancethe
transportof momentumand then promotea more uniform
distribution of streamlinesamongdifferent ¯uid pathways.
To someextent, this correspondsto a ``delocalization'' of
velocity ®eld.Thus,the presenceof loopsin a treestructure
can have very important consequenceson the established
¯ow ®eld.

With regardto the physiologicalimplicationsof our re-
sults, we note that Fig. 4 suggeststhat the relative ¯ows
deliveredto the variousoutletsof this symmetricstructure
becomeincreasinglyasymmetricwith a largevariability for
large Re. Applied to steady¯ow conditionsduring inspira-
tion, our model predictsthat the amountof air and hence
oxygen deliveredto the peripheryof the lung is also very
heterogeneouslydistributedamongthealveoli wheregasex-
changeoccurs.This appearsto bein contradictionto thefact
that time constantinequalitiesamongparallel pathwaysare
relatively small in the normal lung and henceventilation
distribution should be fairly uniform and primarily deter-
mined by the distribution of local compliances@22#. The
¯ow heterogeneityat the outlets of the branchingcascade
certainly dependson the loadsand their heterogeneitiesat-
tachedto the last generationchannels.In the airway tree
theseloadsarethecomplianceof thealveolarwall tissueand
the compressibilityof the alveolargas.Onemay arguethat
¯ow asymmetryin the bronchial tree is very likely to be a
consequenceof theunequalpressuredistributionat thelower
generationbranchesdue to heterogeneitiesin the compliant
elements.Experimentaldataobtainedusingthealveolarcap-
suletechnique@25#provideevidencethat at low frequencies
~closeto the breathingrateof ' 0.1 Hz), the coef®cientof
variationof alveolarpressuresin phasewith lung volumeis
between2% and 6%. Our simulationresultsin Fig. 9 indi-
catethat this amountof variability in pressuresat theexits is
signi®cantlysmallerthan the variability necessaryto elimi-
natethe ¯ux heterogeneitydue to convectiveinertia. Thus,
alveolarpressurenonhomogeneityin the lung cannotcom-
pensatefor the large ¯ux heterogeneity,yet ventilation dis-
tribution ~̄uxes delivered to the periphery! is reasonably
uniform. The questionthereforearisesas to what are the
mechanismsin thereal lung thatcanbalancē ow imbalance
due to nonlinear inertial effects?Below, we discussthree
possiblemechanisms.

First, our simulation uses a symmetric Cayley tree,
whereasthegeometricalstructureof theairwaytreeis highly
asymmetric.In Hors®eld'sairway tree models,asymmetry
not only meansthat somebranchesare missing,but the di-
ametersof the branchestoward a shorterpathwaydecrease
faster leadingto smallersize subtrees@19#. Thus, one pos-
sible mechanismthat may compensatefor ¯ow imbalance
due to nonlinearinertial effects is structuralasymmetry.In
otherwords,thecentralairwaysreceivingsmaller¯ows ~due
to inertia! may serve correspondinglysmaller alveolar re-

gions that match the size of the region. This would then
allow for a homogeneousventilation distribution which is
requiredfor the normal functioningof the lung.

Thesecondpossiblemechanismis relatedto theexistence
of loops in the tracheobronchialtree. Theseloops, called
collateralairways,arechannelsconnectingdifferentsubtrees
in the tracheobronchialstructure@27,23#. The primary role
collateralairwaysmayplay in thefunctioningof thelung has
beena controversialissuein the literature.Our simulations
may provide a new interpretationfor their physiological
function.Figure14 showsthatwhentheReynoldsnumberis
high, ¯ow distribution at the outletsof the tree with loops
tendsto becomemore homogeneous.Thus,similarly to the
effect of loops that compensatefor the asymmetryin ¯ow
causedby inertia, the collateralairwaysmay help in provid-
ing a morehomogeneous̄ow delivery to the peripheryand
henceventilationdistribution.

Third, our simulationsassumerigid channelwalls. How-
ever,the airwaysarecompliantstructuresin the lung. When
¯ow is largein a segment,dueto theBernoulli effect, lateral
pressureneartheairwaywall decreasesandhencetransmural
pressureacrossthecompliantwall increases.As a result,the
airway diameterdecreasesandso doeslocal Reynoldsnum-
ber. Thus, ¯ow distribution will be altered in the nearby
segmentsin a mannerthat reduces̄ ow heterogeneity.It is
alsopossiblethat the smoothmusclein the airway wall can
locally regulateairway wall complianceso that ¯ow hetero-
geneityandhenceventilationdistributionbecomesmoreuni-
form.

While theabovemechanismsmayact to reducē ow het-
erogeneity,they arenot suf®cientto makethe ¯ow distribu-
tion uniform. Unfortunately, large trees are impossible to
treat numerically.Our binary tree model is, however,very
useful as it can provide insight into the effect of inertia on
the ¯ow distribution in large trees.The self-af®nestructure
of ¯ow partitioning indicatesa heterogeneous̄ow distribu-
tion; we expectthat this featuredoesnot dependon the ap-
proximations in the binary tree model, namely, constant
anglesandconstantp alongthetree.In reality,p maydepend
in a complexmanneron the actualgeometry.However,it is
the meanvalueof p that determines̄ow distribution in the
periphery@26#. Using three,four, and ®vegenerationtrees,
we ®ndan averagevalue of p/q5 1.456 0.03 which gives
p' 0.59 at Re5 1200.This value is consistentwith p5 0.58
usedin the binary treemodel to ®t the ¯ow data.The small
variability (' 6% of themean! con®rmsour assumptionthat
the p/q ratio is approximatelyconstantthroughoutthe gen-
erationsfor suf®cientlylarge Re values.The exponenta is
useful in quantifying the effect of asymmetrydue to ¯ow
partitioning in large trees.Using the valuesof p and q re-
portedin Ref. @26#, we ®nd a5 0.9 for the humanlung and
a5 1.6 for the moreasymmetricdog lung.

Finally, we note that it was arguedin Ref. @24# that the
asymmetricstructureof the lung is solelydueto geometrical
constraints.Our study,however,suggestsa possibledifferent
origin for this structuresincetheasymmetryof thebronchial
treecanbein¯uencedby the¯uid ¯ow asymmetrycombined
with the requirementof homogeneousventilation.
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