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We investigatethe uid ow through a cascadeof bifurcations by direct simulation of the 2D
Navier-Stokesequations. We show that, for a fully symmetric tree with n generations(n $ 3d
the ow distribution becomessigni cantly heterogeneoust an increasedReynolds number. We
develop a binary tree model and nd that the distribution of ow at the outlet branchescan be
describedby a self-af ne landscapewith a self-af ne exponenta - 0.9 for the humanlung. We
suggestthat the asymmetric ow occurringin symmetricbranchedstructuresmay be importantboth
for the morphogenesiof the bronchial tree, and for its functioning during inspiration. [S0031-

9007(98)06724-6]

PACS numbers:87.45{ k, 47.55.Mh

Fluid ow in branchinggeometriess relatedto many
phenomenan physics,geology,and biology. Examples
rangefrom uid ow throughporousmedia[l,2] to res-
piration [3] and blood circulation[4]. In particular,the
mechanismof ow bifurcation playsa crucial role in the
functioningof therespiratoryandcirculatorysystems.The
classicaltheoreticalapproachschematizegshe ow with
a setof equivalentlinear impedances. When appliedto
steadyor periodic ow throughsymmetricairway bifurca-
tions, thesemodelspredicta perfectly homogeneouand
synchronousow distribution at the outlet brancheq5].
However,the contributionof inertiaon momentuntrans-
port can havea signi cant in uence on the propertiesof
ow throughbranchedstructuresas hasbeenshownex-
perimentally]6{ 10]. Despiterecentnumericalwork [11],
there hasbeenno quantitativestudy in treeslarger than
threegenerations.

Herewe simulatethe quasisteadynspirationprocessn
thebronchialtree. We considera 2D symmetricascad®f
rectangulachannelsvith branchinganglesof 30* between
the axis of the parentanddaughtemgenerationsaswell as
realistic physiologicaldimensionsrom lung morphology
to de ne the channellengthandwidth (Fig. 1a)[5]. Be-
causeof the symmetrywith respecto the axis of the rst
generatiorchannel(trachea)the ow eld in only half of
the domainneedsto be calculated. The uid mechanics
in the branchedstructureis basedon the steady-statéorm
of the Navier-Stokesand continuity equationsfor mo-
mentumand massconservation. In all simulations,we
considerair with densityr - 1.225kgm?3 and viscos-
ity m- 1.78943 10°% kgm?1s?! owing throughthe
systemat a constantow ratewith nonslipboundarycon-
ditions at the entire solid- uid interface. In addition,we
assumea uniform velocity pro le at the inlet of the rst
generatiorchannel whereasat the outletsof the lastgen-
erationbrancheswe imposea constanteferencepressure
[12]. TheReynoldshumberisRe; r Vdym,wheredisa
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characteristitength(thewidth of the rst generatiorchan-
nel) andV is theinlet velocity.

We solvetheNavier-Stokesndcontinuityequationgor
thevelocity andpressureelds by discretizationusingthe
controlvolume nite-difference technique[13]. The cre-
ationof structuredyrids comprisingquadrilateraklements
is dif cult dueto the complexgeometryof a binary tree
structure. Hence,we usean unstructurednesh,basedon
triangulargrid elementf a Delaunaynetwork[14]. We
nd that a total of 17864 cells generatesatisfactoryre-
sults when comparedwith numericalmeshesof smaller
resolution. We thenconsidertheintegralform of thegov-
erningequationsat eachtriangularelementof the numeri-
cal grid to producea setof couplednonlinearalgebraic
equationswhich we pseudolinearizandsolve[13]. We
achievea convergedsolutionwhenthe sumof normalized
momentumandmassresidualdalls below 107 3 [15].

We perform uid ow simulationsin a ve-generation
tree for Re rangingfrom 150 to 4800. This rangecor-
respondgo breathing ow ratesthat are physiologically
relevan3]. We nd thatthe ow distributionthroughout
theairwaysis quite uniformatlow Reynoldsnumbergqsee
Fig. 1a). In this situationthe systemdisplayslinear be-
havior,asexpectedrom theanalogybetweenuid ow in
a cascadef branchesandelectricaltransporin a network
of idealresistorg2]. At high Re, howeverthe nonlinear
contributionfrom the inertial termsbecomeselevant. As
shownin Fig. 1b (for Re- 4800, inertial forcesbreak
the symmetryof the ow distribution down in the tree
structure. Visualinspectiorrevealghatthe ow partition-
ing betweenany two daughtetbranchedavorsthe branch
which s alignedwith their grandparenbranch(branchlo-
catedtwo generationgbovein the samecascade).

We investigatethe developmenbf this ow nonunifor-
mity by graduallyincreasingRe and computingthe ow
ratesat the outlets of the eight brancheson the left side
of the fth generation. Figure2 showshow theseoutlet
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FIG.1. (a) Contour plot of the streamfunction in a ve-
generationtree for low Reynolds number conditions (Re -
150. The tangentsto the streamlinesare parallel to the
velocity vectors. For a given generationthe largerthe number
of streamlinesin a branching element,the higher the ux.
(b) Sameasin (a), but for high Reynoldsnumberconditions
(Re- 4800. The distribution of streamlinesat the outlet
branchess uniform at low Re, but highly nonuniformat high
Re. Thewidth of the rst channeisd - 1.8 cmandthelength
isl - 12cm.

uxes| normalizedby the total ux penetratinghe sys-

tem| becomemoreheterogeneouas Re increases. The

normalized ow ratesat outlets5 and10 aresubstantially
increasedy inertial effects.

Both Re andthe branchingangleu in uence the distri-
butionof ow. To demonstratehis, we carriedout simu-
lations with a tree of only threegenerationgseeFig. 3).
Figure 4 shows,for two different valuesof u, the depen-
denceon Reof theratio G1yGg of the uxes attheinternal
andexternaloutletsof the third generatiorbranches. For
xed branchingangleandchannedimensionsbothcurves
showa gradualincreaseof G;yGg with Re. Furthermore,
thevalueof G1yGqis largerforu - 30*thanforu - 60"

It would beinterestingto studythe effectof ow asym-
metry on a large branchingstructure,but computational
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FIG. 2. Flux distribution at the outlet branchesof a ve-

generation tree for Re- 150 (circle), 300 (square), 600
(triangle), 1200 (full circle), 2400 (full square),and 4800
(full triangle). The insetcomparesthe uid ow simulations
(Re- 120Q circle) andthe binary treemodel(p - 0.58 full

circle).

limitations do not permit a direct solution of the Navier-
Stokesequations. We thereforeintroducea binary tree
model to describethe role of inertia on uid transport
in a self-similarbranchingsystem. We assumehat each
airway forms an angle of 6u , in degreeswith its par-
ent. Also we assumehat Re is suf ciently largefor the
ow partitioningto be approximatelyconstanthroughout
thetree(e.g.,thecurveu - 60 for Re. 400in Fig. 4).

Hence,the ow ratesin any two daughterbranchesdi-

vide in a xed proportionpyq, wherep 1 q- 1, and
p . g. We modelinertia by assigningthe larger factor
p tothe ow of thedaughtetbranchwhichis alignedwith

its grandparent.

In orderto treatthe binary tree model analytically, we
numberall branchesn generatiom from 0 to 2721 2 1.
Thus,branchk in generatiom 2 1 bifurcatesto branches
2k and 2k 1 1 in generationn. Branch 2k forms an
angle2u andbranch2k 1 1 formsanglelu with their
parent,sobranch2k (even)is alignedwith its grandparent
if k is odd, andbranch2k 1 1 (odd)is alignedwith its
grandparenif k is even. Hence,a branchwill be aligned
with its grandparenif the two last digits in its binary
representatiorare different. For a three-generatioiree,
the branchesshouldhave ows qy2, py2, py2, andqgy2,
correspondingto the binary codes00, 01, 10, and 11,
respectively. By induction,for a treewith n generations,
the ow in branchk is

G, kd- % pSSkdan 22 SSkd, (1)

wheresskdis the numberof \switches" from 1 to 0 and
from 0 to 1 in the binary representatiomf k with n 2 1
digits. In a seven-generatioree, branche21 and 42
will havethe maximum ow of p®y2 becauseheir binary
representations010101 and 101010, respectively,both
have ve switches.
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FIG. 3. (a) Contour plot of the streamfunction in a three-
generatiorntree with branchingangleu - 30* andRe- 1200
(b) Sameasin (a) but for u - 60*. Note that the numberof
streamlinesand thusthe uxes at outlets1 and 2 arelargerin
(a) thanin (b). Also shownis the binary representationf each
outletbranch.

Forthe ow eld calculationswe needonly to analyze
the ow distributionthroughone-half,dueto the symme-
try of the tree. Thus,for generatiom, we cannormalize
the ow G in branchk by the factor p"22y2 andde ne

FIG. 4. Dependencef the ux ratio G1yGy on the Reynolds
numberRe in three-generatiotreesfor two different valuesof
the branchingangleu.
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the steplike ux function,

M Th2 22 s

q k1 1d

2n2 2

gsxd- for 22 # X, , (2

wherek - 0,1,...,2"%2 2 1d In this way, gsxdis a

well-de ned right-continuousfunction for n $ 3. For

instance the maximum ow g™ - 1 will belocatedat

X - 2y3 sinceits binary representations 0.1010101..

which hasthe maximum possiblenumberof switchesin
thesequencgl6]. Inthelimitn! ~,we nd

U

q

gxd- —

p

m

g2"xd for 0 # x, Zim (3)
which implies that the landscape(see Fig. 5) generated
from the uxes at the outletsof the rami ed structureis
self-af ne, gsxd~ b?2 gsbxd with anexponen{17]

a - logspyqdylog?2. (4)

Usingthevaluesof p andq reportedin Ref. [18], we nd
a - 0.9 for the humanlung anda - 1.6 for the more
asymmetriadog lung.

The binary tree model providesinsight on the effect of
inertiaon the ow distributionat the tree periphery. The
self-af ne structureof ow partitioning indicatesa het-
erogeneousow distribution; we expectthat this feature
doesnot dependon the approximationsn the binary tree
model, namely,constantanglesand constantp alongthe
tree[19]. Theexponenf is usefulin quantifyingthe ef-
fect of asymmetrydueto ow partitioningin largetrees.

Concerning possible physiological implications, we
note that our model predictsthat, during inspiration, the
amountof oxygendeliveredto the peripheryof the lung
is very heterogeneousThe exactdistributiondependon
a weightedcumulativesum of the anglesalongwhich the
air musttravel from the top of the treetowardthe alveoli
wheregasexchangeoccurs. On the otherhand,thetime
constantinequalitiesalongthe airwaysare believedto be
relatively small in the normal lung and hencethe ow
distribution should be uniform and primarily determined
by the distributionof local complianceg20].

FIG. 5. Distribution of normalized uxes gsxd de ned in
Eq. (2) as a function of the normalizedbranch numberx at
the outlets of an 11-generatiortree with a partitioning factor
p - 0.6, calculatedusingthe binary tree model.
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The expectationof a uniform lung ventilation seems
thereforeto bein contradictionwith our results. We em-
ployedin our simulationa symmetrichinary tree,whereas
the geometricalstructureof the tracheobronchiatree is
highly asymmetriawvith respecto both anglesanddiame-
tersof the daughteibranches. It is knownthatthe degree
of asymmetryis largerin the shortespathstowardsthe pe-
riphery[21]. Theshortespathwaysccurin thedirections
of the lateralsurfacesidesandthe apexof thelung, where
theanglesarelargeandthe ow is subjecto manychanges
of direction. Moreover,in theHors eld treemodel,thedi-
ameterf the branchesn the shortespathwaysdecrease
rapidly, leadingto smallersize subtreeg21]. Thus,we
suggesthat ow asymmetrydueto inertial effectsis com-
pensatedy structuralasymmetry. Accordingly, the cen-
tral airways (airways with a diameterlarger than about
3 mm) that receivethe smaller ows serve correspond-
ingly smaller alveolar regiong allowing for a homo-
geneougentilation,asrequiredfor normallung function.

We note that eventhough additional work with three
dimensionakree modelsis neededo provide morequan-
titative predictionsaboutthe ow distribution during in-
spiration,our resultsstill allow usto drawsomeimportant
physiologicalconclusions. First, the fact that asymmet-
ric ow distributionoccursevenin a symmetricstructure
servesto justify previouslung ow models(see[18] and
referencegherein) which must\build in" asymmetryin
the ow partitioningin orderto obtainresultscomparable
with morphometricdata. Second,our result could also
haveimplicationsfor lung morphogenesisIt wasargued
in Ref.[22] that the asymmetricstructureof the lung is
solely due to geometricalconstraints put our study sug-
gestsa possibledifferent origin for this structure,since
the asymmetryof the bronchialtree canbe in uenced by
the uid ow asymmetrycombinedwith the requirement
of homogeneousentilation.
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